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The wide-ranging physical applications of solenoids are reviewed. The following problems are
discussed: static and nonstatic electric and magnetic solenoids, electric vector potentials,
electromagnetic-potential waves, the specific realization of static and nonstatic solenoids, the
Aharonov—Casher effect for toroidal solenoids, and the experimental verification of the

Aharonov-Bohm effect.

1. INTRODUCTION

The toroidal solenoid (TS) is a unique object possess-
ing a number of surprising features. Let us recall only a few
of them. Depending on the direction of the current at the
solenoid surface, the magnetic field can be completely con-
fined either inside or outside the solenoid.'™ This makes
the TS useful in setups for studying thermonuclear fusion,*
for constructing effective electromagnetic-energy storage
devices,’ as an emitter of radio waves,® and for testing the
foundations of Maxwell electromagnetic theory’ and quan-
tum mechanics.>'° The multipole expansion of the electro-
magnetic field of a toroidal solenoid contains multipole
moments of a new type—toroidal moments.'"> Closed
chains of arbitrary shape made up of toroidal moments
possess a surprising feature: the vector potential is zero
outside them, i.e., they are completely self-screened
objects.'* Moreover, the magnetic field of a solenoid at rest
or moving uniformly in a vacuum is zero outside the sole-
noid. In the case of uniform motion in a medium with
eu=~1 the magnetic field does penetrate the region outside
the toroidal solenoid.'*

In two earlier reviews we studied the properties of
toroidal solenoids. The purpose of the present review is to
discuss the specific physical applications of toroidal sole-
noids. We shall organize our discussion as follows. In Sec.
2 we give the information about magnetic toroidal sole-
noids (MTSs) needed for the rest of the discussion. In Sec.
3 we construct a set of MTS vector potentials (VPs) pos-
sessing various types of asymptotic behavior.!” In spite of
this, the cross sections for charged-particle scattering on
such TSs are the same. This is a reflection of the nonu-
niqueness of the quantum inverse scattering problem. In
Sec. 4 we study the behavior of an MTS in an external
magnetic field. For an infinitesimal MTS we obtain a sys-
tem of equations relating the coordinates of the center of
gravity of the TS and its orientation angles. In addition, we
explain the physical meaning of the VPs obtained in Sec. 3
with different asymptotic behavior: they correspond to to-
roidal moments of higher multipole order.'>!® In Sec. 5 we
demonstrate the existence of the Aharonov—Casher effect'’
for a TS and its infinitesimal analogs—the toroidal mo-
ments. It turns out that point toroidal solenoids (i.e., mo-
ments) must undergo quantum scattering on a Coulomb
field. In Sec. 6 we consider self-screened electromagnetic
objects.?’ By these we mean configurations of charges and
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currents for which the magnetic field is equal to zero ev-
erywhere, while the electric field is nonzero only in a lim-
ited region of space. First a static electric solenoid is con-
structed from electric dipoles. The electric induction turns
out to be nonzero only inside the solenoid. Outside it the
electric vector potential is nonzero, and this cannot be
eliminated by a gauge transformation. The question arises
of the physical interpretation of this potential and the ex-
perimental confirmation of its existence. For this we solve
some well known electrostatic problems (polarized spheres
and an axially symmetric ellipsoid) using both the ordi-
nary scalar potential and the electric vector potential. They
lead to the same results. For fixed small semiaxis of the
ellipsoid and large semiaxis increasing without bound the
electric scalar potential and the electric field E decrease,
while the induction D turns out to be concentrated inside
the ellipsoid. The electric vector potential of the ellipsoid
becomes the electric vector potential of the cylindrical so-
lenoid. Then we consider a nonstatic electric solenoid,
which contains both charge and current densities. Outside
such a solenoid electromagnetic-potential waves arise and
propagate with the speed of light.2** They do not carry
energy, since E=H=Q0 in them. The question arises of the
physical meaning of such potential waves and their mea-
surability. In Sec. 7 we analyze the concept of quantum
impenetrability.”> A surface is termed impenetrable to in-
cident particles if the normal component of the quantum-
mechanical probability current vanishes on it. It turns out
that this current can be made to vanish in an infinite num-
ber of ways. They correspond to physically distinguishable
situations and lead, for example, to different observed cross
sections for the scattering of incident particles. In Sec. 8 we
consider the possibility of observing the Aharonov—-Bohm
effect in simply connected spaces.?> This turns out to be
possible, owing to the difference between the mathematical
and physical concepts of simple connectedness. In Sec. 9
we study electron scattering on a toroidal solenoid. The
well known experiments of Tonomura on the verification
of the Aharonov-Bohm effect are analyzed. These funda-
mental experiments concern the deepest aspects of quan-
tum mechanics.

2. NECESSARY INFORMATION ABOUT TOROIDAL
SOLENOIDS

Let us consider a torus. Its surface is defined by the
equation
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FIG. 1. The poloidal current on the surface of a toroidal solenoid and the
associated toroidal moment.

(p—d)*+2=R% (1)

Let a constant poloidal current (Fig. 1) flow along the
surface of the torus. In order to write down this current
explicitly, we introduce the coordinates

z=R sin 9.

The value R=R corresponds to the surface of the torus.
The infinitesimal volume and surface elements of the torus
are

dV=R(d+R cos ¥)dR dy dp,
dS=R(d+R cos ¥)dy do.

The density of the poloidal current in the coordinates R
and ¢ has the form

p=d+§cos Y,

(2)

= 8 8(R—R) (3)
47 d+R cos zp
Here g=2N1/c, I is the current in an individual winding,
N is the number of windings in the coil of the TS, and n,,
is a unit vector defining the direction of the current at the
surface of the torus:

n,=n, cos Y— (n, cos ¢+n, sin @)sin . (4)

The constant g can also be expressed in terms of the mag-
netic flux @ and the geometrical dimensions (Fig. 2) of the
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torus T: g = ®2m(d — {@>—7/)]~. In the stationary
case the magnetic field (MF) H is equal to zero outside the
TS. Inside it only the @ component of H is nonzero:
H,=g/p. Here p is the distance from the symmetry axis of
the TS (p=d+R cos ).

In what follows we shall also need the toroidal coor-
dinates u, 6, and ¢. They are introduced as follows:

a sinh p cos ¢ a sinh p sin @

“coshp—cos 6’ 7 coshp—cos 6’

asin 0 :
"~ cosh u—cos 0 ()
(O<p<ow, —mw<O<m, O0<@<2m).

For a given value of u the points P(x,y,z) [where x, y, and
z are given by (5)] fill the surface of the torus
(p—d)>+Z=R? with the parameters d=a coth © and
R=a/sinh u. Let p=p, correspond to the surface of the
torus T (Fig. 2). Then for u > p, the point P lies inside the
torus T, and for pu <p, it lies outside it. The value of the
angle 6 undergoes a jump from — to 7 at the intersection
of the circle of radius d-R lying in the plane z=0. The
volume and surface elements (2), the current density (3),
and the unit vector (4) in toroidal coordinates become

a? sinh p d0 dop
~ (cosh po—cos 6)2’

a’ sinh pu du d6 do
~ (cosh p—cos 0)3 ’

ge 8(u—po)

i _ 2
=2z S fig (cosh pg—cos 0)“ng,

ny=[(n, cos @+n, sin @)sinh 1, sin 6
+n,(1—cosh g cos 8) ] (cosh pg—cos 6) !

The vector potential of the TS was obtained in Ref. 3. The
nonzero components of the VP in integral form are

27 d— p cos
g\/_ f —ﬁp—q)Ql/z(COShH),
(6)
gyR 2r  cos @
A _iz d¢“3/TQ1/2(COShIJ)
P27
[coshy = (?» + d* + R* — 2dp cos ¢)/2Rg,

q2=(p cos (p—d)2+zz, r2=p2+22, and Q,(x) is a Leg-

FIG. 2. Geometrical dimensions of the solenoid.
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endre function of the second kind]. For a very thin TS
(R £d) these integrals can be evaluated explicitly:

2

gR
Az—z(dp) Slnhﬂ [le/Z(COSh .u'l)
—dQ' | 5(cosh py)],
(7
4 gR*z 1 ) N
P="2(dp)" sinh Q1/2(cosh py),
. P+d
Cos ,u.l—m
At large distances the VP falls off as r3
4 1 IR 1+3 cos 26, IR sin 26;
~g TEAR ————, —wg —— (8

(r and 0O, are ordinary spherical coordinates).

Instead of the current (3) it is sometimes convenient
to introduce the magnetization j=c curl M. It is nonzero
everywhere inside the TS and

8 O(R— R)

M=Mn,, —_————
41r d+R cos Y

g coshpu—cos @
=——————6(u—po)- (9)

4ma  sinhp
Here 6(x) is the step function [6(x) is zero for x <0 and
unity for x> 0].
A more general current distribution for which H=0

outside the TS was obtained in Ref. 17. It has the form
fl(ﬁ)e(Rl_ﬁ) ,
d+R cos ¥ v

1
———— f(u)0(n—p,) (cosh w—cos 8)*ng. (10)

sinh

Il

The presence of the 8 function means that the currents are
contained inside a torus of radius R;=a/sinh u,. The cur-
rent distribution (3) is obtained for the following special
choice of the functions f and f:

(4 ~
=32 8(R=R), f=7 8(u—po),

R<Ry, po>py.

The magnetic field strength, the magnetization, and the
flux of the MF corresponding to the current (10) are

471 6(R— R) R
SN

c d+R cosy JR

4ma cosh u—cos 0 (r
=—————"| f(pay,

c sinh p ©

1 O(R— R) R
LSRR (%

cd+Rcos:,b R
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a cosh u—cos 6

©w
=-—— | f(pldp,
c sinh u I

™ R
= L (d— \'d —X )fl(x)dx

87%a® [
. (cothu—1) f(u)du.

H1

The vector potentials corresponding to the current (10)
were calculated explicitly in Refs. 16 and 17. In general
(i.e., for arbitrary functions f and f;), at large distances
they fall off as —*:
3rd
Ap“’f P sin 20,0 (1),

aS

Az~m (14-cos 26)a(u,), (11)

® i cosh u
a(p))= Ll PmT_f(#)

These expressions are valid also for a point (a—0) toroidal
solenoid.

3. VECTOR POTENTIALS WITH DIFFERENT
ASYMPTOTIC BEHAVIOR

Let us try to arrange the freedom in the choice of the
functions f (f,) so that the asymptote of the VP is
changed. For this we need terms of higher order in the
asymptotic expansion of the VP. Such an expansion for the
current density (3) was obtained in Refs. 16 and 24:

1 1
A,=—5¢R Igz 771 Picos 6,) £,

(12)
4, 2gR Z 7—11(1+1) P}(cos 0) f1.

Here

= fdzp cos Yp'P)(R sin ¢/ p),

fi= fdl/) sin ¥p'P} (R sin ¥/p),

p=(d?+R>+2dR cos )%

The summation in (12) runs over even /. The difference
between these equations and the analogous ones given in
Refs. 16 and 24 is related to the fact that the Legendre
polynomials normalized to unity [Y] = 1/ \/ﬁ( —-1)"Pr]
were used in Refs. 16 and 24, while the usual normaliza-
tion

(I+m)!
20+1 (I—m)!

is used here. We shall need the first two terms in the ex-
pansion (12):

fl [P](x)]%dx=
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mgdR? ] &?—R? b(oos 6
A;m— 3 | Py(cos 0) —5 ——3—— Py(cos )],

mgdR’ | | 3d—R/4
AP:T [Pz(cos 0) _ZTP“(COS 9)]

Let us consider two concentric solenoids TS, and TS, (Fig.
3b) with parameters d,, R,, ®, and d,, R,, ®,. The total
VP is

1,2 1 2 1,2 1 2
A=A 14D, AP =41+ 4D.

We select the solenoid parameters such that the leading
terms (~r_3 ) in the asymptote of the VP are canceled.

This occurs if
141 R} +8,d,R5=0. (13)

Substituting into (13) the explicit expressions for g, d, and
R for each of the solenoids (d;=a coth yu;, R;=a/sinh yu;,
and g;=®Ja(coth u,—1)]~") and taking y,=coth y;, we
obtain the following relation:

Dy (y1+1) + Py, (12 +1)=0.
This equation can be solved for y;:

1
= _2+

1 q)l 172
1—32}’1(}’1 +1)

The total VP now falls off as » >

9 1
A ~ —= ®,0%, (31 +1) (¥1—33) 3 Py(cos 6),

32
S TR P
A4, ~'—128<I>1ay1(y1+1)(y1 yz)'jP4(cos ).

(14)

Let us surround TS, and TS, by an impenetrable (to inci-
dent charged particles) torus T. Let the total magnetic flux
of TS, and TS, be @ (i.e.,, $=P,+P,). The quantum
cross section for charged-particle scattering depends only
on the geometrical parameters of the impenetrable torus T
and the magnetic flux @ inside the torus (see Sec. 9). This
means that the current configurations shown in Fig. 3a
(inside T, one TS with magnetic flux ®) and Fig. 3b (in-
side T, two TSs with total magnetic flux @) are physically
indistinguishable despite the different behavior of the VPs
(~r~3 for Fig. 3a and ~r~> for Fig. 3b). These VPs are
not related by a gauge transformation, since they corre-
spond to different distributions of the magnetic field H
inside the torus T. This game can be continued. We take
(in addition to TS; and TS,) solenoids TS; and TS, with
parameters satisfying the relation g;d;R3+ g4d,R5=0. The
total VP of the solenoids TS; and TS, is

9
AP = _ = @102, (y3+1) (3—3)r3Py(cos 6,),

32
9
AP = ——2 B3 (5+1) G 3D Pi(cos ).

Here y;=coth u; and y,=coth u,. The total VP generated
by the solenoids TS-TS, is
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FIG. 3. The current configurations inside an impenetrable torus T. These
configurations induce gauge-noninvariant vector potentials giving the
same quantum-mechanical charged-particle scattering cross section. The
vector potential is concentrated nearer and nearer to the solenoid in going
from the figure at the top to the one at the bottom.

1,2 3,4 1,2 3,4
A=Al + AP A,=ATP 440,

Now we require that the total magnetic flux be @
(O, +P,+Py;+D,=P) and that the coefficient of r~>
vanish. This occurs if

@, (1 +1) (R —p2) + D3 (3 +1) (5—3) =0.

The resulting configuration of four solenoids (Fig. 3c) gen-
erates a VP which falls off at large distances as 7. Now
we surround the configuration of four solenoids TS-TS,
by the same impenetrable torus T (Fig. 3c). Then charged
particles will undergo the same quantum scattering as in
the cases of Figs. 3a and 3b. The fact that the quantum-
mechanical cross sections are identical can be interpreted
either as nonuniqueness of the quantum inverse scattering
problem (the same scattering cross section for different
current distributions inside the torus T) or as nonunique-
ness of the inverse electromagnetic problem (the same E
and H outside the torus T are generated by different cur-
rent distributions inside the torus T). The magnetic flux is
® for each of the configurations in Figs. 3a-3c. This im-
plies that $A4,dl computed along any closed contour pass-
ing through the hole in the torus T is equal to ®. In par-
ticular, this is valid for the integral [A4,dz computed along
the z axis. Since A4, falls off faster in going from the upper
part of Fig. 3 to the lower part, the VP is concentrated
closer and closer to the torus T. The physical meaning of
these VPs will be discussed in Sec. 4.

Realizations of static solenoids (Ref. 13)
Let us consider an arbitrary current configuration j.

The vector potential is
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1
== fGo(r,r’)j(r')dV’, Go=|r—r'| 7.

Since div j=O0, instead of the current j we can introduce
the equivalent magnetization M: j=c curl M. Then

A= fGo(r,r')curlM(r')dV’. (15)
From this we immediately find that
H=curl A=grad fGo div M dV’' +47M. (16)

We see that for div M=0 the strength H is nonzero only
inside the solenoid (the magnetization is by definition non-
zero only inside the solenoid). Some care should be taken
in using the magnetization formalism. In the case just con-
sidered of a current j flowing in a vacuum, we introduced
a fictitious magnetization using the relation j=c curl M. In
this case B=H everywhere, and H is given by Eq. (16).
The situation is changed if we have a real medium with
magnetization M. Then (in the absence of currents) we
have B=H+47M and divB=0. As before, Eq. (15)
holds for the vector potential. In the end we have

B=curl A=H+47M, a7n
where
H=grad J-Go divM(7')dV". (18)

From this we find that for div M=0 the magnetic field
strength H is zero everywhere, and the magnetic induction
B is nonzero only inside the solenoid.

It follows from these arguments that solenoids of arbi-
trary shape can be constructed if the space inside the sole-
noid is filled with material with solenoidal (div M=0)
magnetization. An example is a uniformly magnetized fil-
ament of arbitrary shape. Such circular and straight fila-
ments have been used in experiments to test the existence
of the Aharonov-Bohm effect.

Let us now represent M as M=curl t. Then it follows
from (15) that

A=grad f Go(r,r’)div t(r’)dV’ +4at(r).

If div t=0, then A=4t. Then the vector potential is non-
zero only where t£0 (i.e., again inside the solenoid). This
means that complete self-screening occurs. In particular,
this is valid for the toroidal moments (j=c curl curl t).
Closed chains made of toroidal moments are therefore
completely self-screened objects. For an arbitrary deforma-
tion of them the vector potential does not penetrate the
space outside them.

Solenoids with nontrivial helicity

Let us return to ordinary cylindrical and toroidal so-
lenoids. As is well known, for a cylindrical solenoid with
surface current j8(p—R)n, the vector potential A4, is
equal to ®/2mp outside the solenoid (p>R) and
®p/2mR? inside it. The magnetic field is nonzero only in-
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side the solenoid: H=n,®/7R>. Here @ is the magnetic
flux through the cross section of the solenoid:
®=472R*j/c. We note that in this case the vector poten-
tial is perpendicular to the magnetic field. Therefore,
S=[A-HdV=0. The quantity S is referred to as the
helicity.*% Thus, the ordinary cylindrical solenoid has
zero helicity. Instead of the current we introduce the equiv-
alent magnetization. For the cylindrical solenoid it is
M=Mgn,, My=j/c. The vector potential is related to the
magnetization as

’

A= J-M(r') %5 av'.

Let us now forget about the current and treat the solenoid
as a cylinder filled with magnetic material with magneti-
zation density M. Let the magnetization have a ¢ compo-
nent (in addition to the z component already present):

M=My(n, cos a+ng sin a)

(i.e., the magnetization lines have the shape of spirals uni-
formly distributed inside the cylinder and having the cyl-
inder axis as their symmetry axis). Let us now give the
nonvanishing components of the vector potential and the
magnetic field corresponding to this magnetization. Inside
the cylinder

A,=47My(R—p)sina, A,=2mpM,cosa,

B,=4mM,cos a, B,=4mwM;sina.

Outside the cylinder
A,=0, A,=2wR>M, cos a/p, B=0.

Finally, for the helicity of the twisted cylindrical solenoid
we find (per unit length of the cylinder)
1 3ag2 3
=3 16m° M sin 2a - R°.
Let us now consider a toroidal solenoid. It can be treated
as a torus (p—d )2+ 22=R? filled with material with mag-
netization M given by (9). Now let there be a poloidal
component (6) of the magnetization in addition to the
already existing toroidal component (¢):

M=M/(n, cos a+ngsin ) (19)

(the magnetization lines have the shape of spirals wound
around the axial line p=d, z=0 of the torus). The mag-

netic field (the induction) is nonzero only inside the torus,
B,=4nM cosa, By=4mM sina,

and the p and z components of the vector potential gener-
ated by the toroidal component were given above [see Egs.
(6)-(8), which should be multiplied by cos «]. From them
we easily find the required 6 component of the vector po-
tential:

Ag=—[A, sinh p sin 6+4,(1—cosh p cos 0) ]

X (cosh u—cos 6) ~.
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Furthermore, the & component of M generates a ¢ com-
ponent of A equal to

cosh u—cos 6

Ap=—8rMysma sinh u sin 0

ﬂ—zﬂo) - sin 6

B+Ho L
cosh( 3 )—c h( 7

inside the torus and zero outside it. From this it follows
that the magnetization (19) corresponds to nonzero helic-
ity. We shall write it out explicitly for a very thin torus
(R <d or pp>1). In this case the required components of
the vector potential and the magnetic field inside the torus
have the form

sinh (

Xarctan
) - cos O

Ap=4maMy[exp(—pu) — g cos 0 exp(—pp) Icos a,

A,=—8maM, exp(—po)sin a,

By=4wM,sina, B,=4mM,cosa.

Finally, for the helicity we find
1
S= | ABdV=x 32n*a*M} sin 2a exp(—3p,).
3 0 P H

The helicity S along with the magnetic flux ® is one of the
topological invariants characterizing the structure of the
magnetic field. These invariants remain unchanged for ar-
bitrary but continuous deformations of the solenoid. There
are other topological invariants besides ® and S (Ref. 67).
They characterize the more detailed structure of the mag-
netic field. In Sec. 9 we shall show how the helicity affects
the charged-particle scattering cross section.

4. MOTION OF THE TOROIDAL SOLENOID IN AN
EXTERNAL MAGNETIC FIELD

The energy of interaction of a TS and an external mag-
netic field is given by

— f H,MdV. (20)

Here M is the magnetization of the TS (see Sec. 3). Since

only the ¢ component of M is nonzero, the TS interacts

with an external MF if the latter has nonzero projection on

the equatorial plane of the TS and nonzero overlap with

M,. If the source of the MF is sufficiently far from the TS,
the MF near the TS can be expanded in a series:

Hext(rO) + (rVO)cht(rO),

Here the vector r, determines a point near the TS, for
example, its center of mass, and r is a vector going from r,
to some point lying inside the TS. We substitute this ex-
pansion into (20):

Hey (ry) = r,=ro+r. (21)

1
U= —,udHext(rO)—Ep, curl H(ry). (22)

Here p,= [MdV is the dipole magnetic moment, which is
zero for the TS. In addition,
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L= J (rxM)dV (23)
coincides up to an insignificant constant with the toroidal
dipole moment (TDM; Refs. 11, 12, and 18). It points
along the symmetry axis of the TS, and its magnitude is

1
te=3 wgdR>.

For arbitrary orientation 6, ¢ of the TS symmetry axis

M= (sin 0 cos @, sin 6 sin @, cos ) = : 7rng2

In order to study the motion of the TS in a magnetic field,
we use the Lagrangian L=T — U. The kinetic energy T is
equal to the sum of the energy of the center-of-mass mo-
tion T.,=iM(x3+y3+22) and the rotational energy
T=1(Aw%+ Bw,+Cw?). Here M is the mass of the TS;
X Yo, and z; are the coordinates of its center of mass; w,,
), and w, are the projections of the angular-velocity vec-
tor on the axes of inertia attached to the TS:

=@ sin ¥—¢ sin 6 cos ¥,
wy=é cos Y+ ¢ sin 0 sin v,

=@ cos ¢+1/},

where the angles ¢, 6, and ¢ determine the orientation of
the coordinate system rigidly attached to the TS relative to
the lab frame; 4, B, and C are the moments of inertia of the
TS [A= [ (y*+2) pdV/ [ pdV, and so on]:

1
=B=5 d*M(1+5R*/4d%),

C=d’M (1+3R%/4d?).

Using the Maxwell equation curl H=(1/c)E,
+ (47/¢)jex and the fact that the expansion (21) is valid
at large distances from the source of the MF (where
Jex=0), we obtain

JE

1. .
U= —Z Eexty't’ E=a— .

: (24)

This expression simplifies if the field E,,, points along the z
axis: U= — (1/2¢)E,(ro), cos 6, where 0 is the angle u,
makes with the z axis. From this it follows that the poten-
tial energy of the TDM depends both on the center-of-mass
coordinates of the TDM and on the TDM orientation. The
Lagrange equation [(d/dt)(dL/3q¢,)— (dL/dq;) =0,
q;=Xy, Yo» 20> ¢, 0, ¥] leads to a coupled system of equa-
tions which completely determine the TDM motion. The
classical equations of motion are easily quantized. As a
result, we arrive at the following Schrédinger equation:

Ad
ifi—=HY, H=T+V,

2

z?

I AL A
=~ otV (F—A—z)

G. N. Afanas’ev 224



1.
V=_£ 2(To) ;.

Here L, are the Cartesian components of the ordinary an-
gular momentum, L2=3L% The classical and quantum
equations for the magnetic dipole moment have recently
been obtained in Ref. 68. The TDM is an important char-
acteristic of the TS, but is not the only one. To verify this
we return to the current configuration shown in Fig. 3. The
corresponding magnetization and TDM have the form

1 cosh yu—cos 6

M12=E [810(n—p1)+8(p—p) ],

(25)

sinh u

1
#51'2) =3 W(glle%'*'dzdzR%)-

In view of (13) the TDM vanishes for this configuration.
This means that the next term in the expansion of H.,,
must be included. It is 3(rV,)*H,,, . Substituting it into
(20), we find

1 4
U= —5 Eol (Curl Hext)j J. xi(rXMlz)jdV'

It is easily verified that the integrals on the right-hand side
vanish for the magnetization (25). Substituting the next
term 1(rV,)*H,,, into the expansion of H,,, in (20), we find
1 &
- 8 axo,axo j

(curl Heyy) i f x;(r X Myy)dV.
(26)

The nonvanishing integrals on the right-hand side are

fxz(erlz)ﬁV= J-yz(rXMlz)de
7 A 2
=3 ®,a'y, (0 +1) ] —3),
1
Jzz(rXMlz)de=ﬁ @,a*y (n+1) (1 —13),
fo(rXMu)de= fyZ(erlz)ﬁV

_ v, )
=3 D3y, (1 + 1) (i—»3),

y;=coth ;. (27)

Therefore, for the current configuration of Fig. 3b the in-
teraction energy is given by (26). The integrals on the
right-hand side of (26) are usually defined as the higher-
order (or multipole-order) toroidal moments.'>!® Let us
now turn to the configuration of Fig. 3c. Instead of (26)
we find

1 8*[curl Hey, (ro) 14
8 9x0,9%y;

Xffxixj[l‘x(M12+M34)]de- (28)
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Here M, is given by an expression analogous to (25). It
follows directly from (28) that this expression vanishes for
the current configuration in Fig. 3c. The interaction arises
when the higher-order terms in the expansion of H,,, are
included. In the end we obtain a physical interpretation of
the current configurations shown in Fig. 3: they generate
the toroidal moments of various multipole orders.

5. THE AHARONOV-CASHER EFFECT FOR TOROIDAL
SOLENOIDS

First let us give the well known arguments illustrating
the existence of the Aharonov—-Casher effect'® for a cylin-
drical solenoid. We consider a particle of charge e in the
field of a cylindrical solenoid at rest. The following term in
the Lagrangian describes their interaction:'

ZveA(re—rs). (29)

Here r, and r; are the radius vectors of the charged particle
and the cylindrical solenoid, v, is the velocity of the
charged particle, and A (r,—r,) is the vector potential gen-
erated by the solenoid at the location of the charged par-
ticle. Considerations of Galilean invariance allow us to
write down the interaction in the case where both the
charge and the cylindrical solenoid are moving;:

Z (ve—vVs)A(r,—ry). (30)

Here v, is the velocity of the cylindrical solenoid. Aha-
ronov and Casher'® showed that the additional term

~ZvA(r—r) (31)

describes the quantum scattering of neutral particles pos-
sessing a magnetic dipole moment on an infinitesimally
thin charged filament (the Aharonov-Casher effect). Ex-
periments in which neutrons were scattered on such a fil-
ament were carried out in 1989 (Ref. 25). They confirmed
the existence of the Aharonov—Casher effect.

Let us now return to the toroidal solenoid. The inter-
action of a charged particle with a TS at rest is again
described by (29), but A is now the vector potential of the
TS. Experiments in which electrons were scattered by the
magnetic field of an impenetrable TS [the Aharonov—Bohm
(AB) effect] have been carried out by Tonomura.® They
confirmed the existence of the AB effect. The theoretical
description of these experiments is given in Refs. 9 and 10.

When both the charge and the toroidal solenoid are
moving, the requirement of Galilean invariance leads to
Eq. (30). Our immediate goal is to obtain and interpret the
additional term (31) for the toroidal solenoid. Let a TS
with poloidal current j (which generates a vector potential
A with magnetic field H equal to zero outside the TS)
move with velocity v, in an external electric field with
strength E and scalar potential ¢ (E= —grad ¢). Accord-
ing to the special theory of relativity, the motion of the
current j induces a charge density p=y(v,- j)/c*. The fac-
tor y=(1—pB2) "' can be dropped if we remain within the
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Galilean-invariant theory. The interaction of the moving
TS with an external electrostatic field is given by

1
U= J-q)(rs_re)p(rs)st:? f(p(Vj)st (32)

We replace the current by the equivalent magnetization
(j=c curl M) and integrate by parts:

1
U=- vSJ- [E(r,—r,) XM]dV, (33)
(the integration is carried out inside the TS, where M=£0).
At large distances from the source of the electrostatic field
(or for small size of the TS) the electric field E near the TS
can be expanded in a series:

E(r,—r.)=E(ry—r,) + (rVo)E(ro—r,), r,=ro+r.

(34)

Here r refers to some point near the TS. For definiteness
we take this point to be the center of mass of the TS. In
addition, r is the distance from the center of mass to a
flowing point inside the TS. We substitute this expansion
into (33). Then

1 1

U=E vs(EXyd)—z—c (v,Vo) (Epe,). (35)
Here py=[MdV is the magnetic dipole moment, and
p,=[(rxXM)dV is the toroidal moment of the TS. It
turns out that for the TS pu;=0. The toroidal moment u,
points along the symmetry axis of the TS (see Fig. 1). Its
absolute value is p,=lmgdR®. Here g = ®[2m(d
— J@#—R?»]"!, ® is the magnetic flux inside the TS, and
d and R are the geometrical dimensions of the TS
(p—d)*+2*=R>. In obtaining (35) we dropped the term
containing div E, since the expansion (34) is valid outside
the electric-field source. Therefore,

1
U= —% (v,Vo) (Epne,). (36)
We ask ourselves: what electric field E substituted into
(36) can reproduce the term (31)? We equate these ex-
pressions:

1

evsA(rO_re)=_§ (sto) [E(To—l'e)#:]- (37)
The minus sign in (37) arose because the potential energy
in the Lagrangian has negative sign. In addition, we have
used the fact that the vector potential of the TS is an even
function of the coordinates® (in contrast to the vector po-
tential of a cylindrical solenoid). Equating the coefficients
of vy in (37), we find

1
eA(r)=—5V[y,,E(r)], r=ry—r,. (38)
Without loss of generality we can assume that the symme-
try axes of the TS on both sides of (38) are parallel to the
z axis. Since it was obtained using the expansion (34),
which is valid for large separations between the TS and the
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source, for the vector potential on the left-hand side of
(38) we must use the asymptotic expression (8):

3 ,XZ 3 )z
Ax~zﬂng 7, Ay~z1ngR 75,

wgdR? 32—~
Az~"—4— T .

Then from (38) we obtain the following equations:

JE, 0E, 32— JE,
ox’ T T T T a

It is easily checked that these equations are satisfied for
E,=ez/P, which is the z component of E=er/P. This
means that the term (31) restoring the Galilean symmetry
of the Lagrangian describes the motion of the TS in a
Coulomb field at large distances. If the current distribution
(or the magnetization) in the TS is such that the TDM
vanishes, we must keep higher-order terms in the expan-
sion of E. In this case, instead of (36) we obtain

p 4 yz
3e ?'= — 3e ;t;=

U L vy _PE (rxM)dV
_—8C (vs 0) axojax()k ijxk rx ld

(with a summation over repeated indices). Replacing M
by the magnetization M, given by (25) and using Eq.
(27) obtained earlier, we find

F’E; MoV
axojax()k ijxk(rx 12)Id
1 &E, &E,\ 1 &E,
ik (Eﬁ?y{)*lf&%
1 [ °E, &E,
16 (axoazo+8yoazo) ’

a=®a% (n+1) (i —1d).

Using the fact that outside the source div E=0, we trans-
form this expression to the form

3 &,
R%Z

As a result, we obtain

U 3 «a v &E, 3
=356 (v 0)5_3-- (39)
Equating this to (31), we find
A 3 v FE, 40
eA=3562V0 37 - (40)

Using the fact that the asymptotic behavior of A for the
configuration of Fig. 3b under consideration is given by
(14), we verify the fact that (40) is satisfied for E,=ez/ .
The difference between Eqgs. (36) and (39) means only
that the toroidal moments of higher multipole order inter-
act with the same external electric field in a more compli-
cated way than do the toroidal dipole moments. To find the
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electric field E at finite distances, we return to (32), in
which we have not yet expanded in the external field.
Equating (31) and (32), we obtain

e 1
=3 [ et
c c
Or, equating the coefficients of v,,

1
eA(r)=z f(p(r—r’)j(r’)dV'. (41)

We use the fact that the vector potential A satisfies the
equation AA= — (4m/c)j. Its solution has the form

1 1
A=; f —|—r—;—r,—|j(r')dV’. (42)

Comparing (41) and (42), we find that
@=e|r—r'| ~!, which corresponds to the electric potential
of a point charge. Therefore, the additional term (31) de-
scribes the motion of the TS in a Coulomb field. From the
Lagrangian

1 1 e
in mg"i‘*‘i ms"?'f‘; (ve—vs)A(l'e—l's) (43)

we find v,=0 and v,=0, which implies the absence of clas-
sical scattering. After fixing the location of the Coulomb
center (v,=r,=0, v,=vV, r,=r), we arrive at the Lagrang-
ian L=1mv*— (e/c)VA describing the scattering of a TS by
a Coulomb center. For an infinitesimally small TS
this Lagrangian can be written as L=im
+(1/2¢) (vV) (Eu,), which corresponds to the scattering
of a dipole toroidal moment by a Coulomb field. Classical
scattering is again absent (v=0). The corresponding
Schrodinger equations have the form
# ie \?
~3m (V+%A) V=gV, .

» ; X : (44)

——% (V—% V(E]L,)) V= f‘l’, E=cer/r.

They describe the quantum scattering of the TS and the
toroidal dipole moment by a Coulomb field (Fig. 4). The
question arises of how to verify the existence of the
Aharonov-Casher effect for this case. We must find neutral
particles with nonvanishing toroidal moment (and zero
dipole moment). According to Ref. 26, Majorana neutri-
nos are just such particles. The second way is to study the
scattering of ferromagnetic microparticles (which, accord-
ing to Ref. 27, possess a toroidal dipole moment) by a
Coulomb field. We note that the region containing the
sources of the Coulomb field need not be multiply con-
nected. This effect has been pointed out earlier in Ref. 28
for the case of the scattering of ordinary magnetic dipoles.

6. ELECTRIC VECTOR SOLENOIDS
The physical meaning of the magnetization

First let us explain the physical meaning of the mag-
netization (9). We write down the expression for the mag-
netization again:
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mi

™ o e

FIG. 4. Theory predicts that toroidal moments must undergo scattering
by a Coulomb field.

1  6(R—R)
o M=—g————
47 d+Rcosy

=£6(R—\/(p—-d)2+zz)/p. (45)

For an infinitesimally thin TS (R €d) and fixed magnetic
flux ® we have

M=Mn

1
M= ®5(p—d)5(2). (46)

The vector potential satisfying the equation AA=
—4a curl M is expressed in terms of the magnetization
29,30
as
’

r—r
A= f (M(r’)x—slr_rll )dV'- (47)

Equations (46) and (47) imply that an infinitesimally thin
TS can be realized as a chain of magnetic dipoles (Fig. 5).

FIG. 5. Explicit realization of a magnetic (electric) toroidal solenoid by
means of a circular chain of magnetic (electric) dipoles.
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FIG. 6. Explicit realization of a magnetic (electric) cylindrical solenoid
by means of a linear chain of magnetic (electric) dipoles.

In fact, the VP at the point r generated by a magnetic
dipole located at ry is (see, for example, Ref. 29)

r—ry
A=m|nX .
( |r—ro| )
Here n and m are the direction and strength of the mag-
netic dipole. Let us integrate this expression over a circle of
radius d lying in the plane z=0. Then n=n, is a unit
vector tangent to this circle (n‘p=ny cos @ —n, sin @), Iy is
its radius vector (ro=dn,, n,=n, cos ¢+n,sin ¢). Fi-
nally, we arrive at the vector potential of an infinitesimally
thin TS found in Sec. 2 [see (7)]. Here g=4m/R? or
®=4mm/d. In addition, Eqs. (45) and (47) imply that a
TS of finite thickness can be realized as a closed spin tube
of radius R. In fact, let us integrate (48) over the volume
of the torus. Here m represents the spin density inside the
torus, which coincides with the magnetization M. In the
end we arrive at the vector potential of a TS of finite thick-
ness (6). A spin tube of this type (a ferromagnetic ring
with magnetization independent of the external fields) was
used in the experiments of Ref. 8 to verify the existence of
the AB effect (see Sec. 9).

The cylindrical solenoid presents a simpler case. It can
be realized in the form of a linear spin chain (Fig. 6). In
fact, integrating (48) along the z axis, we obtain the VP of
a cylindrical solenoid: A=n¢<l>/ 2mp, ®=4mm. A spin
chain (magnetized filament) of this type was used in the
early experiments to verify the AB effect (see, for example,
the review of Ref. 31).

So far we have discussed only the magnetization and
the vector potential. The question arises of what are the
magnetic induction B and the field strength H. The general
relation is B=H+47M. Since div M =0 for the magneti-
zations (45) and (46), according to (16) and (17) H=0
everywhere and B=47M, i.e., the magnetic induction B is
nonzero only inside the solenoid.

(48)

Electric toroidal solenoids (ETSs)

Let us now replace the magnetic dipoles by electric
ones. Then the electric polarization is
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P=n¢<l>6(p—d )6(z) /4 for a chain of electric dipoles and
P = g0(R — \(p—d)*+2%)/4mp for a finite tube of di-

poles. In the absence of free charges the Maxwell equations
take the form

div D=0, (49)
curl E=0, (50)
D=E+{4xP. (51)
Eliminating E from them, we find the equations for D:
div D=0, (52)
curl D=41 curl P. (53)

Equation (52) is satisfied automatically if we introduce the
electric vector potential A, :

D=curl A,, divA,=0. (54)

Substituting these expressions into (53), we obtain the
equation for A, :

AA,=—47 curl P.

From this

1 r—r’
A= f lT—_r_'|cur1PdV = f (PXm)dI(/S,S)

which coincides with (47). Applying the curl operation to
(55), we obtain D=curl A,=47P. Then from (51) it fol-
lows that E=0.

The ETS problem is obviously a purely electrostatic
one. Such a problem is usually fully determined by the
charge density p(7). From it, it is easy to find the electric
potential ®, the field strength E, the induction D, and the
polarization P. In this case the induction and polarization
are constructed from the elementary electric dipole mo-
ments. The question arises of how to construct the multi-
pole expansion for the electric VP and the induction. For a
magnetic spin tube the problem is simplified by introducing
a real surface current equivalent to the magnetization, and
making a multipole expansion for the VP generated by this
current. For an electric spin tube we can formally*? intro-
duce an equivalent current of magnetic momopoles
j=ccurl P and make a multipole expansion for the corre-
sponding VP. In the end the following alternatives arise:

1) A description of the electric field of the ETS in
terms of the charge density is possible (although at this
stage it is not known how). This would seem strange, be-
cause the magnetization M, which has the same functional
form as the polarization P, is constructed from completely
different building blocks—the elementary currents.

2) The description of the electric field of the ETS in
terms of the charge density is incomplete.

Finally, we note that for the ETS the toroidal moments
constructed using the polarization P are of independent
interest. In fact, for the MTS there is the standard®***
expansion of the vector potentials in the complete set of
electric, magnetic, and longitudinal multipoles. As shown
in Ref. 24, the toroidal form factors and moments reduce
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to the standard electric ones, so they specify a different
representation of the MTS electromagnetic field. There is
no such standard expansion for the ETS (owing to the
impossibility of setting up a monopole current in the sole-
noid windings). On the other hand, the electric toroidal
moments can be constructed just like the magnetic ones
(see Sec. 3). By combining electric dipole tubes with dif-
ferent polarizations, we easily reproduce the entire set of
electric toroidal moments of higher multipole order (Fig.
3). They interact differently with an external electric field.

The electric vector potential

In order to explain the physical meaning of the electric
vector potential [see (54) and (55)], let us consider a case
well known in physics: a polarized sphere of radius a. Let
the polarization P be constant inside the sphere and di-

rected along the z axis:
P=Pm,0(a—r). (56)

In the absence of free charges the Maxwell equations be-
come

div D=0, (57)

curl E=0. (58)
They are related as

D=E+4xP. (59)

We shall solve this system of equations in two ways. In the
first case® we use (59) to eliminate D from (57) and
obtain the following system of equations for E:

div E=—47divP, (60)
curl E=0. (61)

The second of these equations is automatically satisfied if
we set

E=—grad ®.
Then from (60) we obtain the equations for

A®P=4rdivP, divP=—Pycos0-6(r—a).

(62)

From this

div P(r’)
P=— | ———dV
[r—r’|
Or, explicitly,
3

a
<I>=§ 417P07cos 6 for r>a,

d=—mPyrcos 0 for r<a.

3 (63)

From this we easily find
8 a a
E,=§ 7P, 3 cos 0, E9=§ 7P, —3sin 0,
D=E outside the sphere (r>a),
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4 4
E,= -3 Py cos 6, E9=§ 7P, sin 6,
(64)

8 8
D,=§ mPycos 8, Dy= -3 P, sin 6

inside the sphere.

The second way of solving the system (57)-(59) is to
eliminate E and write out the equation for D. Applying the
curl operation to (59), we rewrite it as

curl D=4 curl P. (65)
For (57) to be satisfied automatically we take
D=curl A,, divA,=0. (66)

Substituting this expression into (65), we obtain the fol-

lowing equation for the electric vector potential:
AA,=—4mcurl P, curl P=P;sin 6-6(r—a)n,.

From this

=

or, explicitly,

curl P(r')dV’,

ar @
Ae=-3—P0?sm0-n¢ for r>a and
(67)
4
A=— Porsm0 n, for r<a.

Substituting A, into (66) and (59), we find the expressions
(64) obtained earlier for D and E. This means that for a
sphere with constant polarization the fields E and D can be
found in two different ways. They are, respectively, ex-
pressed in terms of the scalar and vector electric potentials.
Since the space outside the sphere is simply connected,
these potentials are uniquely given in terms of E and D, so
that in this case they have only an auxiliary nature.

As a second example, let us consider a prolate ellipsoid

X4yt 2

—ta=1L c>b (68)

with constant polarization directed along the z axis. We
introduce spheroidal coordinates:

x=a sinh p sin 0 cos ¢, y=asinh p sin 0 sin g,

z=a cosh u cos 6.

Let the value p=p, correspond to the e111ps01d (68). Then
the polarization is

P=Pyn,0(uo—p). (69)

The usual method® of solving the Maxwell equations
(57)-(59) with the polarization (69) is to eliminate D and
introduce the electric scalar potential ®: E= —grad ®. As
a result, for the scalar electric potential &, the field
strength E, and the induction D we find

® =4mPya sinh? g cos 6 f10(ispo)s
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cos 6

d fro(1,10)
— nh2
E'u— 41TPO sinh Ho (C()Sh J1—cos 0) 172

du ’

sin 6
Eo=—4mP, sinh’® o (cosh r—cos 6) 2 S1o(pspo),

D=E+447P. (70)
Here

o (i) = Q)" (cosh p) P/ (cosh py), > o,
Im\lslho) = Pl"(cosh ) Q7 (cosh pg), p<pg,

where PI* and Q" are the Legendre functions. The values
1 <pg and p > pg correspond to points, respectively, lying
inside and outside the ellipsoid.

An alternative method of solving Eqgs. (57)-(59) is to
eliminate E and introduce the electric vector potential:
D=curl A,. For A, we find

A,=A4n,, A=-—2mwPa cosh psinh pgsin 6- f;;.
(71
Using the expressions D=curl A, and E=D—47P, we ar-
rive at Eq. (70). Therefore, these electrostatic problems
can be solved equally successfully by using either the elec-
tric scalar or the vector potential.

Now we let the large semiaxis ¢ of the ellipsoid (68)
increase to infinity, while the small semiaxis b remains
unchanged. For this we must set a=5/sinh u; and py—0
in Egs. (70) and (71). Then in this limit -0 and E-0
both outside and inside the ellipsoid: Ae—>2'n'Pob2n¢/ Ps
D -0 outside the ellipsoid and A,—2mPypn,, D—47P in-
side it. In the end we obtain the electromagnetic field of an
electric cylindrical solenoid of radius 4. This situation
(vanishing of the electric scalar potential ® and of the field
strength E, and survival of the electric vector potential A,
and of the induction D) is also valid for the electric toroi-
dal solenoid.

The possibility of introducing electric vector potentials

was suggested in Ref. 36. Some applications of these po-
tentials are given in Ref. 37.

How can we tell if an electric field exists inside an
electric solenoid?

In the same way as for a magnetic solenoid. Let us
briefly list the ways.

1) The electromagnetic field penetrates the space out-
side a TS uniformly moving in a medium with gu1
(Refs. 14 and 16).

2) The electromagnetic field penetrates the space out-
side an accelerated TS.2*

3) The interaction of an external electric field with the
electric dipoles forming an electric solenoid is given by

U=— f E. PdV.
At large distances from the sources of an external elec-
tric field (or for small dimensions of the electric TS) this

expression takes the form
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1 1 8H.,(r)

U= ) g, curl Ee"t=2_cTE” (72)
Here &= [(rXP)dV is the electric toroidal dipole
moment.*? For the electric polarization P defined above, it
is directed along the symmetry axis of the ETS and is
€,=3mgdR’. Equation (72) means that at large distances
the ETS interacts with a time-varying magnetic field.*?
This expression was used in Ref. 38 to explain the experi-
mentally observed® rotation of nonmagnetic molecules in
a uniform magnetic field slowly varying in time. This sit-
uation becomes much simpler for an electric cylindrical
solenoid, which consists of a linear chain of electric dipoles
(Fig. 6). Such a solenoid tries to orient itself along the
external electric field. The question arises of the practical
realization of an ETS. Materials called electrets exist in
nature.’ They are electrically neutral (i.e., uncharged),
but possess a constant electric dipole moment. Of the var-
ious types of electrets, the ferroelectrics (the electric ana-
logs of ferromagnets) are most suitable for our purposes.
Such materials can be used in the construction of an un-
charged toroidal ring carrying an electric toroidal dipole
moment (just as a ferromagnet was used to construct a
ring for experiments to verify the AB effect®).

By distributing electric and magnetic dipoles inside a
torus, we arrive at a static electromagnetic TS for which
the electric and magnetic inductions D and B are nonzero
only inside the TS. There are nonzero electric and mag-
netic vector potentials outside the solenoid.

The physical meaning of the electric vector potential

In the examples considered above we either forced the
electromagnetic field to penetrate the region outside the
ETS by putting the ETS in motion or we allowed an ex-
ternal electric field to penetrate inside the ETS and interact
with the electric dipoles forming it. Now we shall fix the
position of the ETS. Outside it is a nonvanishing electric
VP. As in the case of the magnetic solenoid, this VP cannot
be eliminated by a gauge transformation, since ¢4.dI=®
for any closed contour passing through the hole in the
solenoid. Is it possible to determine whether or not an
electric VP is present outside an ETS without penetrating
it? We do not know any obvious answer. In fact, the analog
of the 4 B effect for this case would be the scattering of free
magnetic charges on an electric VP outside the ETS. How-
ever, so far monopoles have not been discovered in nature.
We conclude by rephrasing the question posed by Aha-
ronov and Bohm in 1959: does the electric vector potential
of an electric toroidal solenoid have any physical meaning?

Nonstatic electric solenoids (Ref. 20)

In Ref. 1 a pointlike electric solenoid was constructed
by using the following (nonstatic) point charge and cur-
rent densities:

p=D exp(—int)A8’(r), j=ioD exp(—iwt)V8(r)

(73)
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(D is a constant). The following electromagnetic poten-
tials are the sources of (73):

exp (ikr)

® = —exp(—iot) D| 478 (r) +K pf ,

(74)

exp(ikr)
A=ikD exp(—iwnt)V L .
Only the electric field is nonzero:
10A

E=—V¢—EE=47TD exp(—ia)t)V63(r). (75)

These relations are easily generalized to the case of charge
and current distributions of finite size. We choose p and j
in the form

p=exp(—iot)Af, j=ioVf exp(—iwnt). (76)

The following potentials and field strength correspond to
these sources:

b= —exp(—iot) ‘417'f+k2 f G(r,r')de’],

exp(ik|r—r'|)
I L S
(77)

A=ik exp(—iwt)V J Gfdv’,

E=4r exp(—iwt)Vf, H=0

[the factor exp(—iwt) will be omitted below when it is
obvious].

Equations (73)—(75) are obviously obtained for
f= D8%(r). It follows from (77) that if the function f is
nonzero inside some region of space, E and H are nonzero
in this region. On the other hand, the electromagnetic po-
tentials @ and A are nonzero also outside this region.
Therefore, Eqs. (76) and (77) for this chcice of f realize
a nonstatic electric solenoid. In particular, f can be chosen
to be nonzero inside the torus (p—d )2+22=R2. One way
of obtaining this is to take f = DO(R
— ,I(p—d)2+?), where D is a constant.

In Ref. 21 a nonstatic solenoid was realized in the form
of a cylindrical capacitor. It was studied experimentally in
the interesting work of Ref. 40. Instead of this we consider
a spherical capacitor obtained by a special choice of the
function f. We have

e
p=372 [8(r—r)=8(r—n)], "

iwe
j=4,”-;3-r9(r_r1)6(r2_r)1 7'1<r2.
This spherical capacitor consists of two oppositely charged

spheres and a radial current flowing between them. Using
the general expressions

1
o= JGp(r’)dV’, =2 ij(r’)dV’,
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we easily find the scalar and vector potentials (only the
radial component of the vector potential is nonzero):

@ =ikeh(" (kr) [ jo(1) —jo(2)],
A,=—keh{V (kr)[ jo(1)—jo(2)] for r>ry,

D =ikejo(kr)[A§" (1) AP (2)1,

A= —kej (kP [AP (1) —A{P(2)] for r<ri, (79)
@ =ike[ AV (kr)jo(1) — jo(kr)AED (2)1,

A,=ek[ j(kr)h§V (2) —h{P (kr)jo(1)]

ie
~%2 for ri<r<r,,

. ™ (n T (1)
Ji(x)= 5114-1/2(-’5), h;j ' (x)= £H1+1/2(x):

Ji(1)=j(kry), and so on.

The electromagnetic field is zero outside the spherical ca-
pacitor, i.e., for »>r, and »<r,. Inside it only the radial
component of E is nonzero:

E,=e/r, H=0.

From Egs. (74), (77), and (79) we find that
electromagnetic-potential waves appear outside a nonstatic
electric solenoid. This was noted earlier in Refs. 21 and 22.
The question arises of the physical meaning of such waves
and the possibility of detecting them experimentally. Let
the region S in which E and H are nonzero be inaccessible
to observation. Can an observer located outside S verify
the existence of electromagnetic potential-waves? Since
E=H=0 in such waves, they do not carry energy. There-
fore, they can be detected only at the quantum level. This
is the case because the Schrodinger equation

L L. (LN G
o= __Zm( " e )—|—e

involves the potentials ® and A rather than the fields E and
H.

The transformation

ie
Yo=Y exp(—%), y=ik exp(—iot) f Gfdv’
(80)

eliminates the electromagnetic potentials outside S. If y is
a single-valued function outside S, Eq. (80) is a unitary
transformation between single-valued wave functions in
the presence and absence of electromagnetic potentials out-
side S. In this case the presence of electromagnetic-
potential waves outside .S does not lead to observable con-
sequences. On the other hand, if y is discontinuous outside
S (which, in turn, is determined by the choice of the source
function f ), the possibility in principle arises of observing
electromagnetic-potential waves, for example, by observing
a phase difference acquired by the wave function of a
charged particle as the particle travels around a closed
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contour. A necessary condition is that the region of space
accessible to charged test particles be multiply connected.
This is the case because multivalued wave functions are
allowed only in non-simply connected spaces.

Let us consider a general nonstatic solenoid.'* For this
we write the expansion of the scalar and vector potentials
in scalar and vector harmonics.>** Outside the region S
(p,j5~0 only in S') we have

41

X
c' S AT(r)al (7).

d=4mik X hY]q, A=
(81)

Here AJ'(7) are elementary vector potentials, the vector
solutions of the Helmholtz equation. In what follows 7 will

denote the electric (E), magnetic (M), and longitudinal
(L) multipoles. The vector functions A are!

1
A;"(L)=;thym,

A;”(M):h,LY"‘, L=—i(rxVv),

1
AT(E)= —+————curl Y". 82
7 (E) % l(l+1)cur(r><V)h1, (82)

The AJ’(7) are eigenfunctions of the total angular momen-
tum and its third projection, and are orthogonal on a
sphere of arbitrary radius:

f dQAT (T)AT " (7') =const * 88 ymBrys

The functions ¢" and af’(7) depend on the charge and
current distributions:

ar= [ 37" pav, apn= [ Bt iav,

1 i
=—divj, q'=-a'(L).
P iwdlv‘] q; Ca,( )

The vector functions Bj*(7) are obtained from the Aj*(7)
by replacing the spherical Hankel functions /4, by the Bessel
functions j,. It follows from (82) that

curl A7'(L)=0, curl A7(M)=ikAJ(E),
curl A7(E) = —ikAT(M).

Acting on A by the curl operator, we obtain
1
H=_4rk* X [A](M)a]'(E) — AT (E)af (M)].
Since A['(E) and A]'(M) are linearly independent and
orthogonal, the condition H=0 reduces to the following:
al'(E)=a]'(M)=0. (83)

To understand the physical meaning of these conditions,
we parametrize the current density in several different
ways. The simplest parametrization is the following:*®

j=grad Y+curl M, div M=0.

232 Phys. Part. Nucl. 24 (2), March-April 1993

Substitution of this expression into (83) leads to the con-
ditions

J-jz(kr) Y™ (6,p) fM)dV = fjxkr)Y;"*(e,«p)

X (r curl M)d¥V=0.

For the Helmholtz parametrization

Jj=grad f+-curl(rf,) +curl curl(rf3)

the analogous conditions become

% d
sz(kr) Y[ (6,p) [Zr—dJ%+6f2—|—k2r2f2

d
+r5dlv(rf2)]dV=O,

[ i vy o) [2 div(efy) + KA,

a .
+r o div(rf3) ]dV=O.
Finally, we consider the parametrization

J=[afin + [V + ) (eX V) YT

(an arbitrary vector function can be represented in this
form; see, for example, Ref. 41). The functions £ depend
only on the radial coordinate r. Substituting this expression
into (83), we find the following conditions satisfied by the
functions £ and f:

fj,(kr)f;‘n)(r)ﬂdrz sz(kr)ff,i’(r)r’dr.

Since the Bessel functions j;(kr) form a complete set, it
would seem at first glance that these integrals vanish only
when f{})=f{3)=0. This would be valid if we required
that the integrals vanish for all values of k. However, for
fixed k (as in the case under consideration), it is always
possible to find nontrivial (i.e., nonzero) functions f}2
which make the integrals vanish.

Using the conditions (83), we rewrite the electromag-
netic potentials as

4
A=V I hY] f V(G Y™idv,
O=taik Y7 | ji¥7"pa,

1.
div A+Z ®=0

(the dot stands for differentiation with respect to time).

It is easily verified that these potentials correspond to
zero magnetic (H=curl A) and electric (E=—-V®—(1/
c)/i) fields. The electromagnetic potentials can be written
as

1
A=grady, &= —;,1'/,
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where

1
X=; 41ri exp( —iwt) 2 hYT'ay'(L),

1
i (L)=g [ VXAV =—icq? .

The electromagnetic potentials are eliminated from the
Schrodinger equation by a unitary transformation:

V-V’ =V exp(iey/fic).

Since the function y is everywhere single-valued and con-
tinuous, at first glance it would appear that the electromag-
netic potentials are eliminated by means of a single-valued,
continuous transformation and therefore are unobservable
in the region where E=H=0. In fact, this is not so. The
point is that in obtaining the electromagnetic potentials it
was implicitly assumed that the current and charge densi-
ties are concentrated in a simply connected region of space
S including the origin, while the electromagnetic potentials
were calculated outside S. In this case the electromagnetic
potentials are really unobservable. The situation is changed
if the region is multiply connected. As an illustration let us
consider the case where charge and current densities are
enclosed inside the torus T: (p—d)*+2z*=R> Then the
expressions given above are valid outside the sphere of
radius d+ R. Inside the sphere of radius d—r we have

1
A=grad y;,, ®= —Z)Zin,

1
Xin="7 4mi exp(—iwt) X ji(kn) YT (8,9)b]' (L),
m 1 ¥ . s M
b} (L)=z fV(h,Y;" )jdV=—icql’,

q'= f hY7 pdV.

Although both for r>d+ R and for »<d—R the electro-
magnetic potentials can be represented as derivatives of y,
the functions y themselves are, in general, different in these
regions. This still does not mean that the electromagnetic
potentials are observable outside the torus for any p and j
inside the torus. They are observable for any p and j for
which the complete function y composed of y;, and you >
respectively defined in the regions »<d—R and r>d+R,
actually are discontinuous. In this case the initial wave
function ¥ satisfying the Schrodinger equation with non-
zero potential is not equivalent to the transformed wave
function W'=V exp(iey/#ic) satisfying the Schrodinger
equation without electromagnetic potentials. Discontinuity
of the function y leads to discontinuity of the wave func-
tion ¥’ (the initial function is assumed to be continuous).
As an illustration, let us consider a static toroidal solenoid
with poloidal current (3). In this case an explicit expres-
sion is known for the function y in toroidal coordinates.*'?
It changes discontinuously by the value of the magnetic
flux at the intersection of the circle of radius d—R lying in
the equatorial plane (z=0) of the solenoid. On the other
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I s I(t)

Screen

FIG. 7. Basic setup for detecting and recording electromagnetic-potential
waves. The phase of a charged-particle beam is modulated by time-
varying electromagnetic potentials, which at the screen leads to an inter-
ference pattern which also varies in time.

hand, this function can also be expressed in spherical co-
ordinates (see the Appendix). For an infinitesimally thin
solenoid (R <€d) we have

1 (2n+ 1)l g2r+!
Xout=—7% 7R Y (—1)" Yol P2 Py, 1(cos 6)

for r>d and

1 )Y (1 , 2n—D Pl 0
Xin=—7 TgR (-1 WWPMH(COS )
for r<d. We see that for a static toroidal solenoid with
poloidal current (3) the functions y;, and y,,, although
they are single-valued in the regions where they are de-
fined, do not coincide on their boundary (i.e., at r=d).

If we were able to find nonstatic distributions of p and
j inside the torus for which H=E=0 outside the torus, this
would provide a means of transferring information without
loss of energy. A possible scheme for an experiment is
shown in Fig. 7. Charged particles (for example, electrons)
fall on a toroidal solenoid inside which the charge and
current densities vary with time in some definite way. The
electromagnetic field strengths are zero outside the sole-
noid, but the potentials are nonzero. This causes the phase
of the electron wave function to also vary with time, this
variation being different for electrons passing through the
hole in the solenoid and outside it. A screen is placed
sufficiently far from the solenoid, and the time-varying in-
terference pattern is observed on it. This pattern can in
principle be recorded. Energy is not stored inside the sole-
noid. It “flows into (out of)”’ the solenoid from its wind-
ings as the current in them is increased (decreased). The
fundamental problem is the practical realization of p and j
which generate zero field strengths outside the torus. The
following configuration of periodic currents and charges
would seem to satisfy these requirements:

p=ik(divN+AV¥), j=c(curlcurl N—k?N) —ck*VV¥

[the factor exp(—iwt) has again been dropped]. Here ¥
and N are arbitrary scalar and vector functions specifying
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the current and charge distributions and are nonzero only
inside the torus. The electromagnetic potentials and field
strengths are

Q=iky—4mik¥, A=Vy+4nN,

H=4mcurl N, E=47mik(N+VV¥),
x= f Gi(divN—K*W)dV”,

G,=exp(ik|r—r'|)/|r—1'|.

From this it follows that the fields are nonzero only inside
the torus, while the potentials are nonzero both inside and
outside it. Let @ be the magnetic flux through the trans-
verse cross section of the solenoid. Then
&= [HdS= § Adl. Here C is a closed contour not inter-
secting the torus, but passing through the hole in it. Since
by definition N=0 outside the torus, y is a multivalued
(more precisely, discontinuous) function outside the torus.
Furthermore, the vector function N must be singular inside
the torus. This follows directly from the Stokes theorem,
according to which

fHdS:<I>=4rr 3§ Ndl.
C

From this it would follow that N=40 outside the torus,
which contradicts the initial assumption about the vanish-
ing of N outside the torus. However, the Stokes theorem is
applicable only to vector functions which are not too sin-
gular. Therefore, N and, consequently, p and j are singular
inside the torus. Applying the Stokes theorem to both sides
of the Maxwell equation curl E=—( 1/¢)H, we obtain
$cEdl=ik®. From this one might incorrectly conclude
that E5~0 outside the torus. The singularity of E again
makes it incorrect to use the Stokes theorem. In addition,
it is not clear how to solve the Helmholtz equation with
such singular sources. These complications show that this
realization of the charge and current densities is not very
successful, and the question of the possibility of generating
and detecting electromagnetic-potential waves remains un-
answered. Currents and charges satisfying the conditions
(83) do not radiate, so E=H =0 outside the torus. On the
other hand, it turns out to be possible to construct nonra-
diating currents and charges with E, H-~0 outside them.

This will occur if the radial component of the Poynting
vector falls off faster than »~2 for r— w. Let us consider
the explicit expressions for the electromagnetic potentials:

o= f Gy(r,x’) p(xr")dV”,

=% ka(r,r')j(r’)dV’-
At large distances
<I>0=; exp(ikr)f exp(—iknx')p(r')dV’, n,=r/|r|,
ho= exp(ikr) [ exp(—ikme)i(av",
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FIG. 8. Torus T on which toroidal solenoids #s; with variable currents in
their windings are wound. When the solenoids s; are infinitesimally thin
and densely cover the torus, the electromagnetic field does not extend
beyond T.

E= —ikn,®o+ikA,, H=ik(n,XAp).

Terms of order »~2 and higher order have been dropped,
since they do not contribute to the energy flux. The radial
component of the Poynting vector has the form

1
Sr=a (n(ExH))

k2

=m nr(A()X (AOan))
k2

=z (A0’ = nA|%)

“-k—z‘(|A0l2— | Ao/ | %)
“4mc r

2
=2me ¢ | 00| >+ | og| ®)-
From this we immediately obtain the well known condition
that the energy flux in the surrounding space vanishes if
Agg=A,=0.

The nonstatic electric solenoids just considered con-
tained a current density and a charge density which were
both nonzero. The author of Ref. 42 proposed a current
configuration (with no charge density) which realizes a
nonstatic toroidal solenoid. Toroidal solenoids fs; are
wound on the torus T (Fig. 8) with parameters d and R. In
the limit where the solenoids fs; are infinitesimally thin
they completely cover the surface of the torus 7. In Ref. 42
it was maintained that when there is a variable current in
the windings of s; the electromagnetic field is concentrated
inside the torus. We shall now show by direct calculation
that this does not occur, at least for an infinitesimally thin
torus (R <€d). In this case the toroidal solenoids zs; become
infinitesimally small and reduce to toroidal moments:'>'3

t=exp(—iwt)m8(p—d)8(z).
This toroidal moment corresponds to the current

j=ccurlcurlt.
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The solenoid configuration under consideration reduces to
a chain of toroidal moments (see Fig. 5, where the arrows
should now be understood as toroidal moments). It corre-
sponds to the vector potential

1
A=z exp(—iwt) j Gjav’

=exp(—iwt) f G curl curl tdV”.

Obviously, here the integration runs along the toroidal
chain. Transferring the curl curl operation to the Green
function, we obtain

A=exp(—iwt)(grad div—A)I
=exp(—iwt) (grad div+k2)I+47 exp(—iwt)t(r).
Here
I=Gt(r')dV".

Substituting in the explicit expression for t, we can write
this integral as

exp(ikZ)
I=n¢1’ I= J _Z—
Z= (r2+d2—2dp cos q))m, r2=p2+zz.
Since I is independent of ¢, div I=0. Therefore,
A=exp(—iot) (4mt+Kkn,l).

Now let us calculate I:

cos @ do,

I il i 2 +3 J. (kd)
= — n -
(,;d)l/z — 2 2n+3/2
2
1 2n+1 (2n
X Hyylvso(KF) = e (2) :
Here

1 ~ 1
r=5(r1+rz), d=5 (di—d,),

rn= [(p+d)2+22]1/2, r2=[(p—d)2+22]1/2.
Finally, outside the chain of toroidal moments we have

A,,,:exp(—iwt)kzl, E¢,=k3 exp(—iwt)I,

1 9 14

H,=;ma—9 (sm 9A¢p), Hg= —; a—r (rAq,).

Since Is40, the fields E and H are nonzero outside the
toroidal chain. This means that the configuration shown in
Fig. 8 is not a solenoid. However, we must be careful. We
have proved that E and H are nonzero outside an infini-
tesimally thin torus. But the measurements described in
Ref. 42 were carried out for a torus of finite thickness. It is
known that for a periodic current flowing in the windings
of a cylindrical solenoid, the vector potential A (and, con-
sequently, the magnetic field H) vanishes outside the sole-
noid for certain values of kR (k=w/c and R is the radius
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explikx)

BERE

FIG. 9. An infinite cylindrical solenoid (shaded) surrounded by an im-
penetrable cylinder C of radius R. The arrows indicate the wave vector of
the incident particles.

of the solenoid). We assume that the current configuration
shown in Fig. 8 has the same property. Then the vanishing
of the electromagnetic field outside the torus discovered in
Ref. 42 can be attributed to the radius of the torus used in
Ref. 42 being close to the critical value discussed above.

7. QUANTUM IMPENETRABILITY

The Aharonov-Bohm effect is often explained as the
quantum consequence of the presence of fields inaccessible
to particles. Inaccessibility of the fields is ensured by sur-
rounding the region containing nonzero electromagnetic
fields by an impenetrable screen S of suitable geometrical
shape. We shall assume that the screen S is impenetrable to
incident particles if the component of the quantum-
mechanical probability current normal to S is zero.

Scattering on an impenetrable cylinder

As our first example let us consider the scattering of
spinless charged particles on an impenetrable cylinder C of
radius R (Fig. 9) containing a cylindrical solenoid. In the
nonrelativistic case the probability current is

j ﬁ\I_IV\lI W) —— A|¥|? 84

J——Zl.“( - )—uc | W= (84)
In this case the only nonzero component of the vector
potential is 4,=V¥/2mp (P is the magnetic flux inside the

solenoid). Therefore, the condition that the cylinder C be
impenetrable reduces to

\Fa—w—w a—W=o, p=R. (85)
dp dp
This condition is usually satisfied by assuming that
¥=0 for p=R. (86)

The condition (85) can be satisfied in many ways. Two of
the simplest, different from (86), are

av
5,;=0 for p=R, (87)
av
$=a\ll for p=R (88)
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(a is an arbitrary real constant). In any of these cases the
wave function (WF) can be written as

V=V,p+Y,. (89)

Here W, is the wave function corresponding to scattering
on an infinitesimally thin solenoid:

\PAB= z exp[iﬂ( ’ml - lm—'}’l ) 'Hm‘P]J;m—YI (kp)
(90)

(K*=2uE/# and y=e®/hc). Here and below, when there
is no index, there is understood to be a summation from
— oo to + oo. An asymptotic expression for ¥ .5 valid for
all scattering angles was first obtained in Ref. 43:

Wap~explikx+iy(p—)]

exp(ikp)
(1—2mikp sin® p/2)1/?"

+i sin 7y exp (i@p/2)

For scattering angles @ which are not too small

[kp sin® (¢/2)>1] we arrive at the expression obtained in
Ref. 44.

1
Wap~explikx+iy(p—m)] +7; exp(ikp) - fas(@),

1 exp(ip/2)
\2mik  sin @/2

Sfap=— sin 7y, (91)
1 sin? 7y

TAB= )1k sin? @/2°

(For definiteness and without loss of generality we assume
that 0<y<3.) The second term in (89) takes into account
the finiteness of the solenoid dimensions and its screening:

W= 2 explin(|m|—} |m—y|)+imp) H})

m—y|
X (kp)C,,.

The coefficients C,, are determined by the boundary con-
dition at p=R:

C _ J|m—‘y[ : 111
m=—D) with the condition (86),
Hipn_y
C = Iimyl . iti
n=—0 with the condition (87),
Hip_y
C,=— ’“.]LI";‘Y'_O’E(";)‘" with the condition (88).
kH|p_,—aH|,_,

Here and below, we shall omit the argument of the Bessel
and Hankel functions if it is kR. The dot denotes differen-
tiation of these functions with respect to their argument.
For p— « we obtain

1
‘l’s~% exp(ikp) - fs(),
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FIG. 10. Nonrelativistic intensity of scattering on a cylinder in the case
where the boundary condition (86) is imposed. The intensity is defined as
the ratio of the scattering cross section (93) and the geometrical cross
section (=2R). The intensity thus defined is dimensionless. Curves / and
2 correspond to the absence of magnetic flux inside the solenoid and the
value y=1/2, respectively. The parameter is kR =10.

9\ 122 ‘
fs(¢)=(ﬁ) > C,,-explim( |m| —|m—vy|)

+img]. (92)
The total amplitude and cross section have the form
f=Fas+fs o=|f|> (93)

Let us find the dependence of the scattering cross section
on the specific realization of the impenetrability condition
(85). Typical cross sections are shown in Figs. 10-12.
There is a strong dependence on the choice of impenetra-
bility conditions.

The conditions (86)—(88), which are trivial from the
mathematical point of view (they correspond to Dirichlet—
Neumann boundary-value problems and the mixed
boundary-value problem), correspond to different types of

10 pr— T T T Ty
2 N ]
2
o 1E
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E ; ]
L ‘:': 4
10 % Vi 3
; ¥ a
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FIG. 11. The same as in Fig. 10 for the boundary condition (87).
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FIG. 12. The same as in Fig. 10 for the boundary condition (88).

physical impenetrability. It is important to find out what
typé of physical impenetrability is realized in experiments
to verify the existence of the AB effect. At this stage we are
not interested in the behavior of the WF inside the cylinder
C. For example, in order to make the WF inside C vanish
with the boundary condition (86), we need to generate
infinite three-dimensional repulsion inside the cylinder C
and a S-function repulsive potential on the surface of the
cylinder C. The latter is necessary to obtain the correct
value of the jump of the normal derivative of ¥ in crossing
the boundary of C [in fact, d¥/dp is zero inside the cylin-
der and nonzero on the outside of the cylinder for the
boundary condition (86)]. Finally, we make note of Refs.
45 and 46, where the effect of changing the boundary con-
ditions on the scattering process was studied (without ref-
erence to the AB effect).

Scattering on an impenetrable sphere

Let us now consider an impenetrable sphere S of ra-
dius R. In the absence of a magnetic field the condition that
the normal component of the probability current vanish on
the surface of S becomes

g, Yo_y 3% 0 f R 94
0y —Yogy =0 for r=R 454)
The simplest realizations of (94) are the following:
¥,=0 for r=R, (95)
Mo_ s R 96
<7 =0 for =R, (96)
Mo_ w1 R 9
W—a or r= ( 7)

(a is an arbitrary real constant). In any of these cases the
wave function, amplitude, and scattering cross section have
the form

o
Wo=exp(ikz) + 7~ > fQI+1)C
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FIG. 13. Nonrelativistic cross sections for scattering on an impenetrable
sphere S of radius R. The intensity is defined as the ratio of the scattering
cross section (98) to the geometrical cross section (=mR?). Curves 1, 2,
and 3 refer to the impenetrability conditions (95), (96), and (97) (for
a=1), respectively. The parameter is kR=10.

X H{ D, ,(kr)Py(cos 6),

1
HOE Y (2I41)CPi(cos ), o=|f(0)|% (98)
The coefficients C, are
Cr=—J1,1/H}), ;, with the condition (95),

Ce (I+1)J1412—kRI_y 2
! (I+1 )H§-1|»)l/2_kRH§l)l/2

with the condition (96),

Ce (I4+1+aR)Ji 10—kRJ)_yp
T+ 1+aR)H§41-)1/2—kRH§1)1/2

with the condition (97).

Typical cross sections o= | f|* are shown in Fig. 13. As in
the case of the impenetrable cylinder, we find that the cross

sections depend strongly on the specific realization of the
impenetrability conditions.

Relativistic impenetrability conditions

A relativistic impenetrable cylinder

Let us consider the relativistic AB effect. There are
several studies of it. In the first* it was proved that for an
infinitesimally thin cylindrical solenoid the relativistic AB
cross section differs from the nonrelativistic one by the
factor (1—pB%)"/2, B=v/c. The authors of Ref. 48, in which
scattering on an impenetrable cylindrical solenoid of finite
radius R was studied, state that it is impossible to make all
the components of the Dirac WF vanish on the solenoid
boundary. The relativistic scattering of charged particles
on a cylindrical potential barrier of finite height (with a
solenoid inside) was studied in Ref. 49. There it was shown
that it is impossible to make all the components of the
Dirac wave function and their derivatives match at the
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barrier boundary. In view of the fact that in typical exper-
iments to verify the existence of the AB effect® the electron
energy is of order 100 keV, which corresponds to 8~0.6, it
becomes necessary to study this question in more detail.

Outside the cylinder C the WF satisfies the Dirac equa-
tion

ie
HY=%V¥, H= —iﬁca(V-% A) +,uc26,

a=(3 g) B:(; _01)'

We expand V¥ in states with definite angular-momentum
projection:

e #d lﬁ2 s o 0
L 75_}_2 3 _(O a)’
\Illm
1 Yom
Y= Z \I]m, —ﬁ(m+§)‘lf v w3m ’
\P4m

Yim=t1m exp(im@), Wp,=u, exp[i(m+1)p],

lI’4rm=u4m exp[l(m+ 1 )¢]
(99)

V3 =13, exp(ime),

The functions u,,, and u,,, are linear combinations of
Bessel functions:

ulmzAm[Jm—y(kp)+BmH( y(kp)]’

m=ConlJmi1_y(kp) + D Hy)  _ (kp)],
= (&*—p’c*)"*/#ic.

The small components of the Dirac WF are expressed in
terms of u,,, and u,,, as follows:

imn(d m+l—y
TR

=—MCp[ Iy (kp) + DpH,,) (Kp)],

d m—y
Uam=—"7 (%_T) m

=—iNAp[Jns1-,(kp) + B

& —pck\ V2
’P(m) '

m+1 y(kp)]
(100)

The coefficients 4,, and C,, are fixed by the condition that
the correct expression be obtained for the incident wave,
which we choose to be propagating in the +x direction
with positive helicity and energy:

e
Z (p_z A)\Ilinc=p\llinc’ p=ﬁk9
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A f&:" Aol

1
. ) 1
Winc=explikx+iy(@—m)u,, u,= al
n

Finally, we obtain

om m+1+y
Am=exp(m )

1 s
7)) Bn=explim—

Substituting these coefficients into (99), we bring W to the
form

V= (Vap+¥)u,+¥,.
Here V¥, is defined by (90):

(101)

w m
‘I’?:isin'zr'y > exp(iﬂ'y2 )
m=0
XHD, (kp)exp(ime),

v
v
W:(;S) s
v ‘(‘s)

m+
Y= CXp(i?T

v,=

) B, H.) (kp)exp(img),

m+
v =Y exp(iqr 3 Y)D

_lH,(nl)_y(kp)exp(im¢),

. m+y .
Y =pn > exp(m )D,,,H(m”_y(kp)exp(zm¢>),

., m+y ,
vP=9 exp(nr > )Bm_lH(m”_Y(kp)exp(zmcp).
Here and below, when the limits of summation are not
indicated, there is understood to be a summation over all m

from —w to + . For p— o« we have the following
asymptotic behavior of W:

V¥ ~exp[ikx+iy(@—1) ]un+%(i) f(@), (102)

where f (@) is the spinor scattering amplitude, given by

f
| f2
f= 1/, exp(—igp) |’
1f1 exp(ip)

[ oo 5 50
fi= mexp(nr‘y) ' €Xp(ime),

F imy) > D j 103
fr= ik Explimy) m—1€xp(ime). (103)

Finally, the scattering cross section is

1 2 2
o=5 (LAi1*+1£:1. (104)
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The coefficients B,, and D,, are determined by the bound-
ary condition at p=R. For example, we require that at
p=R the large components u,,, and u,,, of the Dirac WF
vanish. This gives

Dp_1=Bp=—Jn_/H,., (105)

Substituting these values into (100), for p=R we obtain

4172

2__ 2 2 -1

| u3m| - ;;IkZRZ (Jm_y+ Ym_y) y
2

P 2 2
Iu4m| =mz (Jm+]_.y+ Ym+1_y)

—1

In typical experiments on the AB effect® kR ~10°. We re-
place the Bessel and Neumann functions by their asymp-
totic expressions. Then

2

27
|u3m| = |u4m|2~—ﬁ<l

Therefore, although the small components of the WF ac-
tually are nonzero for p=R (Ref. 48), in real experiments
they can be neglected. Substituting (105) into (103) and
(104), we have

fi=f=1, 0'=|f|2,

2 Im— .

This sum contains Bessel functions with both positive and
negative index. We get rid of the latter by using (for m—y
<0) the identities

(106)

J_,(x)=isin 77va,” (x)+J, exp(—imv),

H(_l;,z)=exp(i1rv)Hf,l’2) ]

e

- ‘m_7| ) +lm(p]‘l|m-—‘y|/H§:n)—y| )

exp(up/2) .
Sin g2 —_— z explim(|m]|

(107)

which has the same form as the nonrelativistic scattering
amplitude (93) corresponding to the boundary condition
(86). More precisely, the nonrelativistic cross section (93)
becomes the relativistic one (86) when the nonrelativistic
momentum Ky, = \/Z,u—E/ﬁ is replaced by the relativistic
momentum k="K, (1—B8%) "% A typical cross sec-
tion is shown in Fig. 14. For an infinitesimally thin sole-
noid (kR<«1) the sum in (107) can be neglected. Then

rel 1 exp(ip/2)
J ap 2rk T Tsing/2

This expression differs from the nonrelativtic one (91) by
the symbol k. Therefore, for the infinitesimally thin sole-
noid o’ = %™ /1 — B2, which is confirmed by the results
of Ref. 47. The fact that the nonrelativistic expressions
transform into the relativistic ones is verified a posteriori by
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FIG. 14. Relativistic cross section for electron scattering on an impene-
trable cylinder C of radius R for y=0 (curve /) and y=1/2 (curve 2).
The impenetrability condition corresponds to the vanishing of the large
components of the Dirac wave function. The electron kinetic energy is
150 keV. The parameter is kR=10.

the fact that the individual components of the Dirac WF
satisfy a second-order equation of the same form as the
Schrodinger equation, differing only in that it involves the
relativistic instead of the nonrelativistic momentum. The
fact that the small components of the Dirac WF do not
vanish for p=R (although it is of an academic nature,
owing to the numerical smallness of u3,, and u,,, for p=R)
is related to the nonrelatistic nature of the boundary con-
dition. The impenetrability condition can be satisfied ex-
actly by imposing a relativistic boundary condition,
namely, by requiring the vanishing (as in the theory of
quark bags; see, for example, Ref. 50) of the component of
the probability current normal to the surface of the impen-
etrable cylinder C: jen=0. Here n is the normal to the
surface of C, and j is the Dirac probability current:
j=ec¥ta¥. As a result, we obtain

VY+an¥=0 for p=R. (108)
This expression is inconvenient for practical use. The fol-
lowing relativistic condition, which is linear in the compo-
nents of the Dirac WF, is also widely used in bag theory:*°

ian¥=pY¥Y for p=R. (109)
The proof that (108) follows from (109) takes only two
lines. We take the Hermitian conjugate of (109):

Ytan=—-V*1B. (110)
Multiplying (109) on the left by ¥+ and (110) on the
right by ¥, we obtain

Ntan¥V=¥*+p¥=—V+pY=0.

Therefore, ¥ *a - n¥ =0 if the condition (109) is satisfied.
The converse does not, in general, hold, i.e., Eq. (108) is
more general than (109). Henceforth we shall restrict our-
selves to (109). We apply it to the Dirac WF (99). This
gives
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u4m=_iu1m’ u3m=_iu2m for p=R (111)

From this we find the coefficients B,, and D, :

B.— Jm y+77Jm+1 14
" L
Dm= Jm+1 -y_"Jm—y

(1) (D
Hyyyy—nH,”,
We substitute these expressions into (103):

2 (1 . exp(ip/2)
Ni=—\zk |28 sin ¢/2

+7]J 1—

m Y m+4 Y .
exp(img)

L Hy o AnH D

+exp(imy) Z

y—m 77

-1 a
H(l) H“) exp(1m¢>) ,

y—m—1
exp(z<p/2)
sin ¢/2

+exp(—imy) z

Jm+1 14 ’7-’

~ HD WCXP[l(m+1)¢]

m4+1—y—

ar 5 texp(imy)

Jy—m l+77‘,
H(l)m 1+7,H?TT

+exp(—imy) z

chp[i(m—{—l)(p]’. (112)

Let us consider limiting cases of these expressions.
a) The magnetic flux inside the solenoid is equal to
zero (y=0):

S+

fl—‘f 2 mrexwmq)),
2 Ini1— 1 m .
f2=—‘/17'_; 2 mexp[t(m—i-l)q))].

(113)

b) The screening cylinder is infinitesimally thin
(kR<1). For 0<y<1/2:

1 exp(—igp/2)
Si=— V2mik SITY ™ Gin @2
| exp(ip/2)
fa== V2mik ST in @/2
For }<y<1:
7 sin 7y exp(ip/2)
' 2wk sing/2
sin 7y exp(3ip/2)
Sfr=— : i (114)

\/2m'k sin /2

In this case the scattering cross section is
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1 sin? 17'7/

Ao = 2k sin sin? /2" (115)

This has the same form as the nonrelativistic expression
(91), differing from it only in that (115) involves the rel-
ativistic momentum. Therefore, as above,

onrel \/_ Bf

It is surprising that the initial expressions (112) for f1and
/> are continuous functions of y, while the amplitudes f,
and f, in (114) are discontinuous for v=1/2. The reason
for this apparent contradiction becomes clear if we con-
sider the limit of (112) for kR -0 for arbitrary 7. Keeping
only the nonvanishing terms in (112), we obtain

kR0 2 1 exp(ip/2)
SUER=ON ==\ s ™ (3 ngr2

1
_17] J ,
.—,—exp(nry)+77

.
2 1 exp(ip/2)
SAkR=0y) = \Tresinmy [ 3 =

exp(ip)

+in .
Jy— exp(—imy)+n

-y
Now we take into account the fact that for kR —0

J_,(kR) (kR\'~% T(y)
7)) rasy

We write the first factor in this expression as

kR\!1-% kR
(7) =exp((l—2y)ln 7)
If kR is so small that | (1—2y)In (kR/2)|>1, then

1
kR 1-2y 0 for O<’)/<§
(=) - .

oo for §<y<1,

and we arrive at (114). On the other hand, if ¥ is close
enough to 1/2 that | (1—2y)In (kR/2) | €1, then

kR\'-% _ 1o kR
(7) =+a-2m

Substituting this expression into f; and f,, we obtain

1 2 (1exp(ip/2) 7
fl(yzi’ kR_’O)N~ ﬁ(i sin ¢/2 _l—in)’

1 2 (lexp(ip/2)
% 2(7=5’ kR*O)“'\/ﬁ (5 Tsng/2
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FIG. 15. The same as in Fig. 14 for the impenetrability condition (109).

_111'77 exp(i<p)). (116)
Equations (114) and (116) correspond to different physi-
cal situations. The fact that different orders of taking the
limit can lead to different physics is not new. In particular,
this is related to the recent discussion’! about the validity
of the first Born approximation for describing the AB ef-
fect. In Fig. 15 we give the relativistic scattering cross
sections corresponding to the exact relativistic boundary
condition (109). Comparing these with the approximate
relativistic cross sections corresponding to the vanishing of
the large components of the Dirac wave function at p=R,
we see that they are in excellent agreement despite the
great difference between the scattering amplitudes (103)
and (112).

Scattering on a relativistically impenetrable sphere

Let us now consider relativistic scattering on an im-
penetrable sphere of radius R. Let the incident wave prop-
agate in the 4z direction with positive energy & and he-
licity. Then

1
0 g_#cz 1/2
V,.=exp(ikz) nl’ n=(m) s
0
—_ (gz )12,
The total wave function is
W=Winc+q’s'
For r—
S
exp(lkr)
V=——"f(p), fl)= ’;2 :
3
Sfa
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The components f; of the spinor scattering amplitude de-
pend on the choice of impenetrability condition. For ex-
ample, we can require that the large components of the
Dirac WF vanish at »=R. Then

I+l/2

i
=1 N @i+1) "D, Py(cos 0), [f,=0,

I+ /2

Ji—in
IF1—+(1 I)W Py(cos 0), (117)
2[ 1+3/2 !

J_ J
——exp(z¢>) » —12 Jiyin P(cos 0).
HY , H},),

It turns out that for /=R the small component is ¥;=0,
and ¥, is of order (kR) ™%

Now let us require that the Dirac probability current
vanish exactly at »=R. This is equivalent to the condition

ianV=pY for r=R,
(118)
n= (sin 6 cos ¢, sin Osin ¢, cos 6, 0).

This impenetrability condition corresponds to the follow-
ing components of the relativistic spinor amplitude:

= 3 [U+Dgiy1+1f1Pi(cos 0),

fr=—g explig) T (811~ £ P} (cos 6),

=% 3 [(Ugi+ (I+1) f1,11Pi(cos 0), (119)

fi=7 2 &= f111)Pi(cos 0),

Jii2+ 00

Jivi2—i—12
=g | g =
Hi”\ p+mHL

nH; ") '

For each of these impenetrability conditions we have the
scattering cross section

HI—H/Z—

1
=]:,,7(|f1i2+|f2|2+|f3|2+|f4|2)-

Typical dependences are shown in Fig. 16. As for scatter-
ing on a cylinder, we find excellent agreement between the
cross sections corresponding to different relativistic impen-
etrability conditions. Here the scattering amplitudes (117)
and (119) have quite different functional forms.

8. THE AHARONOV-BOHM EFFECT IN SIMPLY
CONNECTED REGIONS OF SPACE

A typical discussion about the absence of the AB effect
in simply connected regions of space goes as follows. Let
the fields £ and H be nonzero in a bounded simply con-
nected region of space S. Outside S the scalar and vector
potentials ® and 4 are nonzero. Let us consider an arbi-
trary contour C lying entirely outside S. It is easy to see
that §A4dl calculated for this contour is always zero. In
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FIG. 16. Relativistic intensity of electron scattering on an impenetrable
sphere S of radius R. Curves / and 2 correspond to vanishing of the large
components of the Dirac wave function on the surface of S and the
impenetrability condition (118), respectively.

fact, the contour C can always be spanned by a surface
lying entirely outside S. According to the Stokes theorem,

ﬁ; Adl= f HdS.

Since E=H=0 outside S, §4dI=0, which proves our as-
sertion. Since the presence of nontrivial paths along which
A@I540 is a necessary condition for the existence of the AB
effect,”? we conclude that this effect is absent in this case.

A counterexample given in Ref. 53 casts doubt on this
argument and leads us to reconsider the possibility that the
AB effect exists in simply connected spaces.

The authors of Ref. 53 consider a toroidal cavity T
(Fig. 17) given by a, < p<a,, |z| <b,, inside which the
magnetic field H is nonzero:

H,=®[2b,(a;—a;)] !

H,=H,=0,

(120)

2by

FIG. 17. A toroidal cavity T inside which the magnetic field H is non-
zero. In the cylindrical cavity C, where H=0, two different vector poten-
tials related by a gauge transformation lead to different eigenvalues (ac-
cording to Ref. 53).
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(® is the magnetic flux).

Outside 7" the magnetic field is zero. Furthermore, the
authors of Ref. 53 give two vector potentials producing the
same magnetic field H. They are zero for |z|>b,. For
|z| <b, they are given by the expressions

(q) fc <
—_— or a
2b1 p 1
AV={ 1 ay—p (121)
— f <p<
2b1 02—01 or al p %
L0 for p>a,,
(O for p<a
q) p—al
_— for a;<p<a
AP ={ " 2b, ay—a, 1mpea (122)
P
L—2—b1 for p>az.

Now let a charged particle be present in the cylindrical
cavity C: |z| <b (b<b)), p<a (a<a;). On the WF ¥ we
impose the Dirichlet condition in the radial variable (=0
for p=a) and the periodicity condition in the variable z:

V(z=b)=¥Y(z=—b). (123)
The solutions of the Schrédinger equation
7PV 10¥ 13V (3 e 2
“%lat s m et mw) Y
=EV¥ (124)

inside C with the selected boundary conditions are the fol-
lowing WFs:

inmz

\I/,‘,;ﬁ’~exp(T)exp(im¢)J,,,(,1mp/R ). (125)

Here 4, is the sth nonzero root of the Bessel function
Jm(x). These WFs correspond to the eigenvalues

() _

# E (mr e® 1)2J

=20 | RET\ o "% 28, (126)
12
# [A2 nm\?
E® __ _ms+ (__)
nms 2‘u RZ b .

Obviously, E)£E?)  je., the eigenvalues in the simply
connected region (where H=0) depend on the particular
choice of WF. This seems very strange, since the vector
potentials 4{" and 4 2 are related by a gauge transforma-
tion:

A§1)=A§2)+grad)(. (127)

The function y is equal to ®z/2b, for |z| <b,, ®/2 for
z>by, and —®/2 for z< —b,. We note that the eigenval-
ues E(12) correspond to wave functions W) satisfying the
same boundary condition (123) for z= + b. Meanwhile, a
gauge transformation of the VP (127) corresponds to the
following transformation of the WF:
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FIG. 18. A toroidal solenoid (shaded) inside a sphere S. For the same
boundary condition on the surface the charged-particle scattering cross
section depends on the value of the magnetic current inside the solenoid.

¥,= 5, exp "X (128)
1=%2€Xp| 2 |-
From this it follows that if ¥, satisfies the boundary con-
dition (123), the transformed WF ¥, does not, in general,
satisfy this condition:
~ . ie®\ ~
Y,(z=—>) =\Ilz(z=b)exp($):,é\l/2(z=b). (129)

Therefore, the difference between the eigenvalues E; and
E, arises from the fact that the corresponding ¥, and ¥,
are not related by a gauge transformation. The boundary
conditions which the WFs satisfy must also change under
a gauge transformation.

Let us now consider the scattering of charged spinless
particles on a sphere S inside which a TS is located (Fig.
18). Let the following boundary condition be satisfied at
the surface of the sphere:

Y (z=R)=fo(6,p). (130)

The scattering problem is completely defined. The space
outside the sphere is simply connected. Will the scattering
cross section depend on the value of the magnetic field
inside the sphere S [for the same boundary condition
(130)]? The answer is surprising. In fact, let the boundary
condition (130) be specified in the absence of a magnetic
field. For this condition we can find the wave function ¥,,,
the amplitude, and the scattering cross section.) Now we
switch on the magnetic field inside the TS. Using the gauge
transformation

S ie da
=¥ o5 %)
we eliminate the VP outside the sphere S. The function a
was obtained in Refs. 3 and 15. The wave function ¥’
satisfies the free Schrodinger equation with boundary con-

dition

(131)

ie da
V' (r=R)=f, exp(— )

fic 3z

r=R

Since the transformation (131) is unitary, all the observ-
ables for ¥ and W’ are the same. Since ¥, and ¥’ satisfy
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the free Schrodinger equation with different boundary con-
ditions, they describe different physical situations. In view
of the unitary equivalence of ¥ and V', this implies that for
the same boundary condition at 7=R the situations in the
presence and absence of a magnetic field inside the sphere
turn out to be physically different. These situations are
equivalent in the following two cases. First, when a bound-
ary condition explicitly depending on the magnetic field
inside the TS is imposed on the surface S,

ie da
‘Il=f0exp(%a)‘ .
r=R

In fact, after the unitary transformation (131) we arrive at
a WF W’ satisfying the boundary condition (130). In the
second case a gauge-invariant boundary condition is im-
posed on the surface of the sphere. Since the probability
current is a gauge-invariant quantity, the vanishing of its
normal component on the surface of the sphere is a gauge-
invariant condition. We thus have on the surface of the
sphere

_ ¥ ”

9z = oz

After the gauge transformation (131) we arrive at the WF
V¥’ satisfying the boundary condition

5y v’ 0 for r—R
3z — F or r=K.

We choose one of the particular realizations of this bound-
ary condition:
av’
9z

v 2ie 5
__%C—AZI\” =0 for r=R.

=0. (132)
r=R
The explicit solution for this realization was obtained in
Sec. 7. Then, using the same transformation (131), we
return to the initial WF W. The explicit form of the bound-
ary condition for ¥ is obtained by substituting
V' =W exp[( —ie/#ic) (da/dz)] into (132). Then

v ic P

R AN =0
Therefore, if in the absence of a magnetic field inside the
sphere a boundary condition is specified on its surface in
the form

v,
i

to obtain the same physical situation in the presence of a
magnetic field it is necessary to impose the boundary con-
dition (133). A natural nonrelativistic boundary condition
preserving its functional form for all values of the magnetic
flux inside the sphere is the condition ¥ =0 on the spher-
ical boundary.

We conclude that we must be careful when dealing
with the AB effect in a simply connected space; in partic-
ular, we must define what we mean by a given impenetra-
bility condition. We have unwittingly become like the char-
acter described by Montaigne: “I know one such man:

(133)
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when I ask him about something, even though it is well
known to him, he immediately seeks a book to consult for
the needed answer; and he never decides to say that he has
mange on his backside until he has looked up in his dic-
tionary exactly what mange and backside mean” (Mon-
taigne, Essays).

9. EXPERIMENTAL CONFIRMATION OF THE
AHARONOV-BOHM EFFECT

The discussions of recent years about the existence of
the Aharonov-Bohm effect are concerned with the fact
that multivalued WFs are allowed in multiply connected
regions of space.!> It turns out that the naive use of
multivalued WFs (i.e., the solution of the Schrodinger
equations using multivalued WFs) causes the AB effect to
disappear,>** as it only occurs when single-valued WFs
are used. The well known proof by Pauli’® of the single-
valuedness of the WF is valid only in simply connected
regions of space. Therefore, this theoretical uncertainty can
be resolved only by experiment. The first experiments (see,
for example, the review of Ref. 31), in which electrons
were scattered on cylindrical solenoids, are now viewed as
insufficient. The main reasons are the poor asymptotic
form of the WF (owing to slow falloff of the VP) and the
presence of a return magnetic flux and leakage of the mag-
netic field due to the finite length of a real cylindrical so-
lenoid. This makes it possible to relate the experimentally
observed shift of the diffraction pattern to electron scatter-
ing on the magnetic-field leakage.’’ These defects are ab-
sent for the toroidal solenoid. The rapid falloff of the VP
(~773 see Sec. 2) leads to the normal asymptotic form of
the WF. Electron scattering on toroidal solenoids was
studied in the excellent experiments carried out by Japa-
nese physicists (see their description in Ref. 8). We shall
refer to these experiments as the Tonomura experiments.
Let us briefly discuss the existing theoretical approaches.
Frauenhofer diffraction of electrons on a TS was studied in
the important work of Ref. 9. Unfortunately, this approx-
imation is inapplicable under the conditions of the Tono-
mura experiment. A suitable approach was found in Ref.
10. Our immediate goal is to use the results of these studies
to describe these experiments.

The following WF (Ref. 10) describes the scattering of
an electron plane wave on an impenetrable TS:

Y =exp(ikz) +¥,,

1+cos @
Y,=i — exp(z’kr)exp(ik

d2+R2
). (134)

2r
[exp(iw) W, —exp(2iTy—iw) * W,].

Here d and R are the parameters of the impenetrable torus
(p—~z17)2—+-z2=R2 with magnetic flux ® inside it (Fig. 19);
y=e®/hc; 6 and r are the scattering angle and the distance
from the TS to the observation point P; k is the wave
number; o =kdR/r; W, and W, are linear combinations of
Lommel functions of two variables:
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explikz)

—_—

FIG. 19. Schematic depiction of charged-particle scattering on an impen-
etrable toroidal solenoid with magnetic flux ®. Here d and R are the
parameters of the toroidal solenoid, and z and x are the location of the
observation plane and the distance of the observation point from the
symmetry axis of the solenoid.

Wi=U,

k(d+R)? )
[———, k(d+R)sin 0

k(d+R)*

—il, , k(d+R)sin 6

The scattering intensity is determined by the squared ab-
solute value of W: I=|W¥|2. Let us now discuss the condi-
tions under which Eq. (134) is valid. It was obtained by
Fresnel-Kirchhoff diffraction theory.’® In it, it is assumed
that the WF vanishes at the surface of the torus, while
outside the torus, in the z=0 plane, the WF coincides with
a plane wave exp(/kz). Furthermore, at an arbitrary point
P the WF is determined by the diffraction integral. It re-
duces to Eq. (134) if the following conditions are satisfied:

k(d—R)> 1, (135)
Ssin?0«m (8=kd*/2r). (136)

In the experiments under discussion® d~2x10"* cm,
R=~1X10"*cm, and k=2x10'° cm~! (this corresponds
to electron energy E=~150 keV). We shall calculate the
electron intensities in the planes z=10 cm and z=100 cm.
They correspond to the values §=4 and 0.4, respectively.
Then Eq. (136) leads to the following constraint on sin 6:
sin? 8«47 for z=10 cm and sin? 6«27 for z=100 cm. In
the Tonomura experiments the measurements were made
at x lying inside the hole of the torus (x<d—R) and close
to the TS. We assume (to be on the safe side) that
Xmax=2(d+R)=6Xx10"* cm. Then sin 6, =Xn./2
~6Xx107° (for z=10 cm) and 6 10~% (for z=100 cm).
Thus, the condition (136) is certainly satisfied. In addi-
tion, in this case k(d—R)=~2X10°% In view of this, the
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condition (135) is also satisfied. Physically, this implies
that sufficiently many wavelengths fit into the hole of the
torus. Since the incident wave near the torus differs from a
plane wave at distances of the order of several wavelengths
and since the WF vanishes at the torus surface because of
the impenetrability of the torus, the conditions for the ap-
plicability of Fresnel-Kirchhoff diffraction theory are sat-
isfied. Special measures were taken in the Tonomura ex-
periments to ensure impenetrability of the torus.
According to Ref. 8, only 10~ of the incident particles
reach the region inside the torus where H~0. The condi-
tion (135) does not at all imply the transition to geomet-
rical optics and the absence of diffraction. The condition
(136) directly determines the angular range in which the
Fresnel theory of diffraction is valid. According to Ref. 59,
it is important that the transverse dimensions of the beam
significantly exceed the detector dimensions. In that study
excellent, clear diffraction patterns are shown for which
the ratio of the scatterer size and the electron wavelength is
of order 10*,

Numerical analysis of electron diffraction by a
toroidal solenoid

In Figs. 20-23 we show the typical electron intensities
in the plane z=const. The parameters R, d, and k are the
same as in the Tonomura experiments: R~ 10~* cm,
d=2Xx10"* cm, and k=2X10'° cm™'. The calculations

2
vl
40 ———— — . y v
z = 10 Cm 4
3,0 y = O") :
3 4
20 r 1
10 |
: 1 A
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X . um
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FIG. 20. Electron scattering intensity in the plane z=10 cm in
the absence of magnetic flux inside the solenoid (y=e®/hc=0).
The ranges 0<x<1 and 1 <x<3 correspond to the hole in the
solenoid and the shadow region.

were carried out for y=0 and y=3. This does not imply
loss of generality, since the theory is invariant under the
replacement y—y+n (where n is an integer). It is for such
values of y (integer and half-integer) that the Tonomura
experiments were carried out. Let us first consider the case
where the distance z from the plane z=0 to the observation
plane is 10 cm (Figs. 20 and 21). The low intensity in the
shadow region (1<x<3) should be noted. At large dis-
tances from the z axis the electron intensity is the same for
y=0 and y=1/2. It oscillates about the value |¥|?=1,
with the amplitude of the oscillations decreasing with in-
creasing x. For x lying inside the hole in the torus (x<1)
the intensities for y=0 and y=1/2 differ significantly
(Fig. 22). Most of the oscillations in this angular range are
out of phase. In Fig. 23 we show the scattering intensities
in the plane z=100 cm. We see that only one oscillation is
observed inside the hole in the torus. The shadow region,
as expected, is not as clearly expressed as in the preceding
case. In Fig. 24 we show the intensities along the z axis. In
this case ¥ simplifies considerably and we obtain

k(d—R)*
|W|?=1—8sin g]
4z

kdR

) k(d+R)?
X sm(T—m’)cos

T“W]'

FIG. 21. The same as in Fig. 20 for y=1/2.
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FIG. 22. The same as in Figs. 20 and 21 inside the hole in the solenoid.

We see that the maxima of |¥|? on the symmetry axis are
macroscopically separated for y=0 and y=1/2. However,
it is not clear how this measurement could be carried out in
practice. Actually, the smallness of the hole in the torus (2
pm in diameter) and the finiteness of the dimensions of a
real detector necessarily lead to averaging of the intensity.
Owing to particle flux conservation, these averaged inten-
sities will be practically identical for y=0 and y=1/2, and
can hardly be distinguished experimentally.

The Tonomura experiments

In the preceding subsection we considered the diffrac-
tion of an electron plane wave on an impenetrable TS.
However, the Tonomura experiments were carried out in a
slightly different way (Fig. 25). The incident electron
beam was split into two parts. The first, as before, was
incident on the TS. The second part of the beam (which
will be referred to as the reference wave W, ) was directed
toward the first by means of an electron optical system, and
the two beams met behind the TS. As a result, an interfer-
ence pattern arises in this region. These experiments show
that in region II (where ¥ . interferes with the part of the
beam ¥, which did not pass through the hole in the
solenoid) the interference pattern remains the same for any

N

N4
15

X, pm

FIG. 23. Electron scattering intensity in the plane z=100 cm.
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FIG. 24. Scattering intensity along the z axis.

value of the magnetic flux ® inside the TS. In region I
(where W interferes with the part of the beam W¥;;, which
passed through the hole in the TS) the interference pattern
shifts as & varies.

The qualitative treatment

The standard explanation of the observed shift of the
diffraction pattern is the following. We assume that in the
absence of a magnetic field the WFs ¥,, and ¥, can be
approximated by plane waves: ¥; =Y, ,=exp(ikz). Fur-
thermore, let the wave vector of the reference wave have
components k,=ksina and k,=kcosa. Then
W s=explik(x sin a+z cos a)]. In the absence of a mag-
netic field we have, in regions I and II,

Wo=exp(ikz) + ¥, and |¥y|?
=2{14cos[kx sin a —kz(1—cos a)]}.

In the plane z=const (where the measurements were

made) the maxima of |¥,|> are located at
wrcf

N — [

Z W], —~

— 8

~~ 2 'qr

o Ly "

W — KPr(zf

i

% out
/S

FIG. 25. Schematic depiction of the Tonomura experiments.
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FIG. 26. Scattering intensity corresponding to in-
terference of the scattered wave and the reference
wave in the plane z=10 cm. The angle of inci-
dence of the reference wave is a=27x 10~° rad.

xo=[2mn+kz(1—cos a)]/k sin a. The distance between  mated to be 10~° rad. The calculated interference pattern
them is Ax)=27/k sin a. The presence of the magnetic  is shown in Fig. 28 for this a and z=100 cm. We note the
field can be taken into account by the Dirac phase factor  scale on the horizontal axis: the entire interference pattern

(see, for example, Ref. 60): is developed in a range of 102 pm. From this figure we
e [ can estimate the distance between adjacent maxima to be

W2 —w® —exp(ikz )exp(% j Ay(x,2)dz ) ~3.2X107% um, ‘and the.shift.of the interference pattern

— o when the magnetic field is switched on (for y=1/2) is

Here A, is the vector potential of the TS. In spite of the fact ~ estimated to be half this value. This is consistent with the
that these functions have the same form, they actually dif-  qualitative estimates made above (Ax2~3.14X107% um
fer, owing to the different values of x in them. Due to the ~ and A~1.58X 10> um). This interference picture is writ-
short-range nature of 4, (~r~> at large distances), the  ten on film. Then the holographic method is used to recon-
upper limit of the z integration can be replaced by + oo struct the original diffraction pattern (i.e., in the absence of
already at distances of the order of a fraction of a centi-  the reference wave). From the figures given in Refs. 8 and
meter. Since [ _A4,(x,z) is equal to @ if the integration =~ 61 we can estimate the distance between adjacent maxima
axis passes inside the hole of the solenoid and zero other-  to be 0.5 um, while the shift of an individual maximum
wise, W, =exp(ikz) and ¥, =exp(ikz)exp(2imy). This  when the magnetic field is switched on (for y=1/2) is
implies that in region II the interference picture remains  about 0.25 um. To compare this with the theory it is nec-
the same as in the absence of a magnetic field, while in  essary to specify the distance z between the TS and the
region I observation plane. In all the Tonomura studies known to
o2 . us there is no information about this distance. From Figs.
| W7 |*=2{1+cos[kx sin a—kz(1—cos @) —2my]}. 20-23 we can estimate the shift of the diffraction pattern to
The maxima of | ¥ |2 are located at x> =x%+ 2my/k sin a.

This means that when the magnetic field is switched on
they are shifted by A=2my/k sin a. Because of the period-
icity of |¥?|* in y it is sufficient to consider the interval
0<y<1. The largest shift of the interference patterns oc-
curs for y=1/2. It is A=n/k sin a.

The quantitative treatment

To obtain quantitative results we form the superposi-
tion of the WF (134) and ¥,. The results of the calcula-
tions are shown in Figs. 26 and 27. The angle of incidence
a was taken to be 27X 10~ rad. We see that the maxima
of the intensity | W+ W | are sufficiently separated inside
the hole of the torus. The intensity oscillates about 1 in the
shadow region (since there ¥ is small and |¥,¢| =1) and

. ! ) s 2,0
about 2 in the region outside the torus (x> 3) (since there X, wm
W, .rand W are of order 1, but have different phases). In one
of the Tonomura papers®! the angle of incidence was esti-  FIG. 27. The same as in Fig. 25 in the plane z=100 cm.
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FIG. 28. The same as in Fig. 25 for angle of incidence equal to 103 rad.
Only part of the interference pattern is shown (0.1 um<x<0.11 pm).

be A=0.06 um for z=10 cm and A=0.4 pum for z=100
cm. Therefore, the observation plane in the Tonomura ex-
periments must lie between these values of z. We note that
even though the qualitative treatment gives practically the
same shift of the interference pattern as the quantitative
treatment, there is a fundamental difference between them.
In fact, after reconstructing the original (i.e., in the ab-
sence of the reference wave) interference pattern in the
first case we obtain |¥|?=1 both for p<d—R and for
p=d+R. On the other hand, the quantitative treatment
using the wave function (134) leads to the interference
patterns shown in Figs. 20-24. We conclude that it is the
minimal difference between the qualitative and quantitative
interference patterns (before the holographic reconstruc-
tion) which leads to the correct description of these exper-
iments.

Let us make several concluding remarks. First, the dif-
fraction pattern observed in the Tonomura experiments is
produced by the superposition of individual electron
events. By these we mean the scattering of an individual
electron on the TS and its subsequent collapse onto the
detection screen. The incident electron intensity was so
low®! that only one electron was located inside the exper-
imental setup at a given instant of time. Second, the appli-
cability of the Fresnel-Kirchhoff diffraction theory for de-
scribing electron scattering is confirmed by careful analysis
of the theoretical and experimental diffraction patterns.®
Third, we should note the recent study®’ on the use of
coherent point sources of low-energy (~20-50 keV) elec-
trons to study crystal lattice structure. According to the
authors of that study, a 150 000-fold magnification of the
diffraction pattern (compared with that for a plane wave)
can be obtained for small distances between the electron
emitter and the object studied. This reveals new possibili-
ties for studying the quantum effects of inaccessible fields.

In Sec. 3 we noted that the magnetic field distribution
inside a magnetized torus is characterized by the helicity S
(in addition to the magnetic flux ®). The magnetization
vector M has the following dependence on the angle a
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determining the amount of twisting of the magnetic field
lines inside T':

M=M(cos @ n,+sin a * ny).

Is it possible to detect a nontrivial helicity inside a torus by
performing experiments outside the torus (can the torus be
surrounded by an impenetrable screen)? At the beginning
of this section we explained that the cross section for
charged-particle scattering on an impenetrable magnetic
torus depends on the geometrical dimensions of the torus
and on the part of the magnetic flux which “sees” the
charged particle in a circuit around a closed path passing
through the hole in the solenoid. This part of the flux is
equal to ® cos a. Since the scattering cross section is a
periodic function of the magnetic flux [see, for example,
Eq. (134)], the cross section will vary periodically as the
twist angle a changes. This will occur in the range
0<a<ay. Here ag=arccos(2y) ~! and y=e®/hc. As a is
increased further (i.e., for ag<a<m/2) the cross section
approaches the cross section for scattering on an impene-
trable torus in the absence of a magnetic field. )

CONCLUSION

Let us briefly recall the subjects touched upon here.

1. We considered a family of toroidal solenoids with
constant current, the vector potentials of which fall off at
large distances as 7~2"~!. The charged-particle scattering
cross section is the same for a given total magnetic flux and
the same impenetrable torus surrounding the toroidal so-
lenoids. In spite of this, the vector potentials of different
families are not related by a gauge transformation. Toroi-
dal solenoids with different asymptotic behavior realize to-
roidal moments of different multipole orders.

2. We have given a practical recipe for constructing
solenoids of arbitrary geometrical shape. For this it is suf-
ficient to fill an arbitrary region of space with matter with
solenoidal magnetization.

3. We have given a specific realization of toroidal so-
lenoids with nontrivial helicity, which (along with the
magnetic flux) is one of the invariants characterizing the
topological structure of the magnetic field.

4. We have found the classical and quantum equations
of motion of the toroidal moments in an external electro-
magnetic field.

5. We have found the three-dimensional analog of the
Aharonov-Casher effect. It turns out that toroidal sole-
noids of different multipole orders must undergo quantum
scattering on a Coulomb center. Here there is no classical
scattering.

6. We have demonstrated the possibility that nontrivial
electric vector potentials exist. We have given a specific
realization of systems possessing such potentials. The sim-
plest ones are toroidal and cylindrical electric solenoids.

7. We have studied nonstatic configurations of currents
and charges outside which the fields E and H are zero, but
the electromagnetic potentials A and ® are nonzero. We
have formulated the conditions under which these poten-
tials have physical meaning and can be observed. This re-
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veals the possibility in principle of information transfer
without loss of energy (by phase modulation of the wave
function of the scattered particles).

8. We have studied different versions of quantum im-
penetrability, which is defined as the condition that the
normal component of the quantum-mechanical probability
current vanish (at the boundary of the impenetrable re-
gion). It turns out that different versions of impenetrability
lead to different physical consequences, which must be
taken into account in designing experiments.

9. We have considered recent experiments to verify the
existence of the Aharonov-Bohm effect. In particular, we
have given a quantitative description of the well known
Tonomura experiments in which electrons are scattered on
impenetrable toroidal magnetic solenoids.

APPENDIX. VECTOR SOLUTIONS OF THE LAPLACE
EQUATION

Instead of the elementary vector potentials A]"(7) and
B/*(7), we introduce the vector spherical harmonics
(VSHs):

Al'(M)=—hY},

AT(E) = (I Ty Y] — Ty Y], )/ 2141,
(A1)

AT(L) = (NI4T Y]+ Iy, Y] )/ 21+ 1
B (M)=—jY},
B} (E) = (\I+ 1Y — L Y )/ 2141,

BI'(L)=( I+ 111 Y7y 1+ i1 Y- )/ Y20+ 1.
(A2)

They are vectorially coupled objects constructed from the
ordinary scalar spherical harmonics and spherical unit vec-
tors [ng=n,, n ;= F1/V2(n,xin,)]:
Y= > Cl,—p,lm+p;jm) Y7 _,.
n
The VSHs are orthogonal on a sphere of arbitrary radius:
J‘ Y;r; * Y;},dﬂ:ﬁjj;ﬁmmlfsﬂ, .

Then the vector potential can be written as

1
A= 4rmik 2 hy(kr)YT - J7,

(A3)
J;.’;: fj,(kr)Y;-”,* -jdv.
In the static limit this expression becomes
1 1 1
A=g4n 2 e i i
(A4)

Ii= f#y;.",* -§av.

Here rIY;-”, and - IY}"I are vector solutions of the Laplace
equation. However, we are interested in those solutions
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which can be written in the form (82), i.e., which are

obtained by acting with the operators L (=—irXV) and V

on the scalar solutions of the Laplace equation. Let us try

to take the static limit in (81). For this we expand Aj" and
7 in series in powers of k:

AP (r) =k~ 2 [AT)(T) + KA (T) ]

BP(r)=k""![B]i(r)+k’Byj(7)], 7=E, L, (A5)
AP(M)=k~1AT(M), BMM)=KB(M).
Here
AT(E)= i vV (Lri=1y™)
CENIa+ o
AY(E)= a1 VX (LY
T I+ 1) 21-1 17
B"/(E)= B g wrivm
=T A
m iﬁl 1 +2ym
BB = 2 Y,
ia

AT(L)=2ia¥r~ ' YT, AB(L) =577 Vr YT,
. . 1 1 "
Bi(L)=BNrYT, BZI(L)=—EBIm§W Yy,
m 2ial —l—1ym
AII(M)=—JI-(1_|_=1)LI‘ Yl B
- Bi i
B,,(M):m LAYT,

1
a1=(—1)l+l\/;21’1/l“(§—l),

—I-1 3

Bi= {m2~'-T I+3 ). (A6)

The quantities A and B} are independent of k. The terms
for higher powers of k do not contribute in the long-
wavelength limit and have therefore been omitted in the
expansion (AS5). The following expansion holds for the
coefficients @]’(7) entering into the definition of the VP
[see (81)]:

ar(r)=k'"ali(r) +K%a5(1)], 7=E, |,
(A7)

ar(M)=kKaj(M), afj(r)= JBg(T)* -jdv.

It follows from (A5) and (A7) that the contributions to
the VP (81) from the electric and longitudinal multipoles
taken separately diverge as K~ for k—0. Meanwhile, the
expansion (A3), which is completely equivalent to (81),
becomes (A4) in this limit. No singularities arise in taking
this limit. This means that the singularities of the electric
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and longitudinal multipoles in (81) cancel each other. This
can also be verified in a different way, if we note that the
singular term in (81) has the form

k~*[a7|(E)AT)(E) +ajj( L)AT(L)].

From the explicit form of af} and A[j it follows that this
expression is equal to zero. Taking this into account, we
find the following expression for the static limit of (81):

41 1

= )y 21+11(1+1)Cm(M) ' (M)

27 1 o -
7 2 ap—1 G (E)-di'(L)

2T

1
© 2 GhEaies S drE).

(A8)

Here

CIH(M)=(rxV)r =1¥Y7", D' (M)=(rxV)FYT",

1
Cl'(E)= v—7v><(r><V)]r'—’Y;",

1
D/'(E)=|V+7—VX(rxvVv)

+2
I+1 P,

Cl(L)=Vr—'-'y]", D L)=V/YT,

dr(r)= fD;n*(T) -jav. (A9)

This is the required expression. The vector functions C and
D involved in it satisfy the Laplace equation
AC}' (1) =AD}'(r)=0. This is not obvious for C/'(E) and
DJ*(E). In fact, their component terms do not satisfy the
Laplace equation; only linear combinations of them do.
This, however, becomes obvious if we act on CJ*(E) and
D}"(E) with the operator A and use the identity

ArPY]=(a—1)(a+I+1)72YT],

in which we must take a=1—/ for C{*(E) and /42 for
D{*(E). In addition, C]*(E) and D}*(E) satisfy the rela-
tions
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divC['(E)=—2021-1)r-'Y7,
div DJ'(E) =2(21+3)/Y7,

2(2/-1)

curl C;"(E):——l Cl'(M),
2(2/43

curl DY'(E) = _*(l++l ) D'(M),

curl C[' (M) =IC['(L), (A10)
curl D' (M) = —(I4+-1) DJ"(L),
div C'(M) =div D(M) =div C"'(L)

=div D}"(L)=curl C['(L)

=curl D}"(L) =0.

Also, they are orthogonal on a sphere of arbitrary radius:

f Cl'(7) - CZ’I*(T’ )dQ =const * 88,6,

f D} (7) - D;f"*(r’)dﬂzéu,émm,ﬁﬂ, - const.

If div A=0, the second sum in (A8) vanishes, and the
coefficient d7"(E) simplifies:

2(21+3
d?(E):% f/Y;"*(rj)dV.

Let us now take the static limit in Eqs. (A1) and (A2):

ri = 172 C'(L),

[(I+1)(21+1)

1
#Y;?f-l,lz[(l+l)(21+3)]1/2 D;’-‘H(L)’

1 { !
0 (I 271 CE)

I+1
2+1

(A11)

YL = D;"(E):

—I-1

i

r Y”= l(l+1) C[ (M),
i

Y= Y] D/'(M).

From this it follows that the expansions (A4) and (A8)
coincide. However, the representation that we have found
for rlY and r— - 1Y in the form of differential operators
(All) is new. The A}"(’r) satisfy the relations

curl AT'(M) =ikAT'(E), curl AT'(E)=—ikA]'(M).
For k-0 they become
curl AT)/(M) =iAT|(E),

curl [A7}(E) + K*AT(E)] = — ik’AT(M). (A12)

G. N. Afanas’ev 250



The first of Egs. (A12) is satisfied automatically, owing to
the definitions (A6). Collecting terms in the second equa-
tion with identical powers of k, we find

curl AT(E)=0, curl AJ}(E)=—iAT{(M). (A13)

The validity of these equations is easily verified indepen-
dently by using the relations

curl(r X V)r* Y7

=—(a+1)Vr”Y7”+(a—l)(a+l+l)rt”'2Y;".
(A14)
Setting a= —/—1, we obtain
curl(e X V)r= =1y =mvr="-1y7. (A15)
Since [see (A16)] AT}(E) is proportional to the left-hand

side of (A15), the first of Eqs. (A13) is satisfied. For
a=1—/, from (A14) we obtain

curl(rXV)rl“lY;": (l—2)Vrl_IY§”—2(2l_ l)rr_l‘lY;”,

Acting on both sides of this equation with the curl opera-

tor, we verify that the second of Eqs. (A13) is valid. For

a=1Iand /+2, from (A14) we obtain relations between the
3

curl B{}(E)=0, curl B}}(E)=—iB}(M).

From (A15) it follows that the same vector function can
be both a gradient and a curl. The analogous relation for

positive powers of r is
curl(r X V)PYT"=— (I+1)V/YT. (A16)

Let us return to the original definitions (A1) and (A2).
For 7=E, L we expand both sides of these expressions in
powers of k. Equating the coefficients of k~'=%in (A1), we
arrive at expressions already contained in (A9)-(All).
Equating the coefficients of k~', we have

curl(rx V) ='yy

,l+l I+1 1
_1(21 1) 201 _I(Y;,';+l I 1— 1/2Y11_1),

vrl—lY;’l

al_1 I+1 i ym I 1 -
= =Dy Vi i Ve )

(A17)
We invert these expressions:

iy 1/1
Li—1— 21+

1
V—7 curl(rXV)]r"’Y}",

—rym 1 [1+1 v 1
r ’»’+1‘21_1\J21+1[ T
Xcurl(rV) |F -1y, (A18)

The first relation is a consequence of (A9) and (All).
Similarly, expanding (A2), we obtain
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curl(rx V) *+2yy

=—(+1)(21+3) 2,+ —r'* ( 11

o1
o m
Hir1i73 YU+1)’

vy

,l+1 1
— +1 —ym
—-(21+3) 21+ r[ [ LI—1— ] l+3/2 Li+1]*

(A19)
Or, inverting these,
YL =— \[ZIIT [ +— curl(rx V) |/+2Y7,
+1 I+1
AR ¢ .-21—:_3 \/; [V——;curl(rV)]
xriyr. (A20)

Again, the first of these expressions follows from (A9) and
(A10). We multiply the first of Egs. (A19) by the current
density j and integrate over the volume:

f curl(rx V)A+2Y7§dV

— +1

= (1+1)(2l+3)\/2,+ frf (11_
I Y™ \idv.

11 17372 Vi )idV.

The integral on the right-hand side coincides with the to-
roidal moment.!? Therefore, Eq. (A21) gives a new repre-
sentation for the toroidal moment. If div j=O0, the integral
on the left-hand side of (A21) simplifies:

(A21)

2(21+3) f#y;"*(rj)dV. (A22)
Therefore, the toroidal moment naturally arises as the co-
efficient of k'*! in the expansion of the electric form factor
a'(E). Equations (A8) are useful for solving various mag-
netostatic and electrostatic problems. For example, the
conditions, obtained in Sec. 3, that the magnetic field H
and the vector potential A vanish outside a given region of
space follow almost automatically from (A8). As a new
illustration, we use (A8) to calculate the static vector po-
tential of the toroidal solenoid (p—d)>+2z*=R> Let us
calculate the coefficients d7'(7) entering into (A8). For
7=M we have

dy(M)= f (rX V)Y ™*j=— f PY7™*(r curl j)dV.

For the poloidal current (3), curl j has only a ¢ compo-
nent. Therefore, r curl j=0 and d7’(M)=0. Furthermore,
from the continuity equation (divj=0) it follows that
dl'(L)=0. For the same reason, in the integrand for
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d['(E) the component of D*(E) proportional to V does
not contribute. Finally, for the VP we obtain the expres-
sion

27 1 1 1 1
A==V 2 s
X f curl(rV) A2 Y*jdy
41 1 1 1
— - *(pi
=== V2 o 1+17+_TY71J-'1Y71 (r)dv.
(A23)
Using the explicit expression (3) for j, we obtain
. gc 8(R—R)
l‘_)=E m d sin 1/)
In (A23) only the terms with m=0 are nonzero:
1 y 1 1 p 0
A= —EngV T/ /(cos 0)
Iy (RSDYY
X pr,( p )sm Y dy,
p*=d?+ R*>+2dR cos 1. (A24)
Here P, are the Legendre polynomials

[P(x)=(1/2"1) (d'/dx") (x**—1)"]. Only the terms with
odd / are nonzero in (A24). Setting /=2n-+1, we find

1 1
A=—5gdRV X~ 51 Pan1(c0s 6)

R sin
X fp2n+1P2n+l( 1/)

For an infinitesimally thin solenoid (R €d) this expression
simplifies:

)sin ¥ dy. (A25)

1
A=—ZfrgR2V2 (="

(2n41)N g*"+1

XmmPZH,I(COS 0). (A26)

These expressions are valid outside the sphere of radius
d+R. Inside the sphere of radius d—R we have

1 1
A=§ gdRV Z 7 PPy(cos 6)

1 Rsin ¢\ |
X f _[+—1'P]( )sm vdy (A27)
P P
for a finite solenoid and
1
A=— 7gR¥V X, (—1)"

(2n—1)1 p2rtl

XWEZn—-e—zPerl(cos 9) (A28)

for an infinite solenoid.
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Let us make the physical meaning of the expansion of
the VP (A8) more precise. For this we ask why we must
impose the condition div A=0 by hand. We note that the
initial nonstatic VP (81) satisfies the Lorentz gauge con-
dition div A+®/c=0. Here

& =21k exp(—iwt) > qrhYy,

a/'= f JiY™*podV,  p=poexp(—iot).

The relation q7"= (i/c)aj*( L) guarantees that the Lorentz
gauge condition is satisfied automatically. Applying the div
operator to (81), we obtain

1 ¢
div A= —- 2k X, @' (LYY= ——.

It is easily checked that this expression for k—0 tends to
the finite quantity

1 2 I+1 1
N
r(z—l)

On the other hand, from the relation div A+®/c=0 it
would seem to follow that for k-0, i) and, consequently,
div A must vanish. To understand the reason for this con-
tradiction, we write ® as

ai(L)YT.

k
b= ———211'22exp(—t'a)t) S a(L)hYT.

If kR<1 and kr<1 (R is the size of the region in which P
J70, and r is the distance from this region to the observa-
tion point), we can take the limit X — 0 under the summa-
tion sign. Then

2

== ke

exp(—iwt)X.

We have not yet specified the time interval under consid-
eration, and therefore we have not replaced exp(—iwt) by
unity. The physical potential is equal to the real part of this
expression:
i
= ———rsin wi3.
ke

Since we have kept the time dependence in ®, it must also
be kept in the VP. For this Eq. (A8) must be multiplied by
cos wt. For wt«1 for the VP we return to (A8), while ®
becomes — 7’3 Therefore, if we do not impose the ad-
ditional condition div A=0, the vector potential corre-
sponds to a scalar potential ® growing linearly in time (for
ot<1). The conjugate solution is obtained if only the imag-
inary parts are kept in ® and 4. Then

f7T5/2

kc
and the VP is obtained by multiplying (A8) by (—sin w?).

To conclude: the expression describes [when the time
factor exp(—iwt) is included and the gauge condition

d=— cos wtX,
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div A=0 is not used] a wider range of phenomena than
pure magnetostatics, which is obtained for div A=0.

DIt is interesting to understand what the elementary vector potentials
become in the static limit (k—0). This is discussed in the Appendix.
DHere W, is the WF describing the scattering on the sphere with the

boundary condition (130) and no TS inside the sphere.
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